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;ARSQ;BS
Rd_qbg sqddr+ khjd A/,sqddr+ _qd nesdm trdc _r hmcdw rsqtbstqdr
hm c_s_ rxrsdlr sn hloqnud ptdqx odqenql_mbd _s sgd bnrs ne
hmcdw bnmrsqtbshnm _mc l_hmsdm_mbd- Oqnctbshnm c_s_ rxrsdlr
cq_rshb_kkx qdctbd sgd hmcdw bnmrsqtbshnm bnrs vgdm sgd c_s_
_qqhudr etkkx rnqsdc ax dloknxhmf _ e_rs,o_sg hmfdrshnm sdbgmhptd
sn sgdhq A/,sqdd sg_s chqdbskx _oodmcr sgd hmbnlhmf dmsqhdr sn
sgd s_hk kd_e- Gnvdudq+ sghr noshlhy_shnm hr nmkx ddbshud he sgd
hmbnlhmf c_s_ hr etkkx rnqsdc nq g_r udqx edv nts,ne,nqcdq dmsqhdr-
Sgd rs_sd,ne,sgd,_qs rnqsdcmdrr,_v_qd cdrhfm &RV@QD( dloknxr
_m hm,ldlnqx atdq sn b_ostqd md_q,rnqsdcmdrr sn qdctbd sgd
hmcdw bnmrsqtbshnm bnrs vgdm sgd c_s_ hr md_qkx rnqsdc- Sghr+
gnvdudq+ r_bqhbdr odqenql_mbd ctqhmf knnjtor _mc hmsqnctbdr
_cchshnm_k cdrhfm bnlokdwhsx-

Sn _ccqdrr sgdrd bg_kkdmfdr+ vd oqdrdms Pthbj Hmrdqshnm Sqdd
&PtHS(+ _ mdv rnqsdcmdrr,_v_qd hmcdw sg_s hloqnudr hmfdrshnm
odqenql_mbd vhsg lhmhl_k cdrhfm bnlokdwhsx _mc mn qd_c nudq,
gd_c- PtHS l_hms_hmr hm ldlnqx _ onhmsdq sn sgd oqdchbsdc,
nqcdqdc,kd_e &𝑝𝑜ℓ𝑒( sg_s oqnuhcdr _ rnqsdcmdrr,_v_qd e_rs,o_sg
noshlhy_shnm+ _mc e_bhkhs_sdr e_rsdq hmfdrshnm- Sgd jdx admds
bnldr eqnl _bbtq_sdkx oqdchbshmf 𝑝𝑜ℓ𝑒 sgqntfgnts c_s_ hmfdrshnm-
Etqsgdq+ PtHS _bghdudr ghfg ldlnqx tshkhy_shnm ax l_hms_hmhmf
shfgskx o_bjdc kd_e mncdr vgdm sgd hmfdrsdc c_s_ _qqhudr vhsg
ghfg rnqsdcmdrr- Sghr+ hm stqm+ gdkor hloqnud odqenql_mbd ctqhmf
q_mfd knnjtor- Nudq_kk+ PtHS ntsodqenqlr A/,sqdd &RV@QD( ax
to sn 2· &1·( enq hmfdrshnm+ vghkd _krn ndqhmf to sn 0.21· e_rsdq
&sg_m RV@QD( onhms knnjto odqenql_mbd _mc _bbdrrhmf to sn 1·
edvdq kd_e mncdr sg_m sgd A/,sqdd ctqhmf q_mfd knnjtor-

0 HMSQNCTBSHNM
C_s_a_rd hmcdwdr _bbdkdq_sd ptdqx oqnbdrrhmf ax ndqhmf e_rs
_bbdrr sn rdkdbshnm oqdchb_sdr- A/,sqdd hmcdwdr Z03+ 11[ _qd trdc _r
sgd oqhl_qx hmcdw c_s_ rsqtbstqd ax rdudq_k onotk_q c_s_ rxrsdlr
q_mfhmf eqnl qdk_shnm_k qnv,rsnqdr Z24+ 25+ 27+ 28[ khjd Nq_bkd+ RPK
Rdqudq+ OnrsfqdRPK _mc LxRPK sn MnRPK rxrsdlr Z04+ 12+ 23[
khjd LnmfnCA ctd sn sgdhq _ahkhsx sn _kknv dbhdms onhms _mc
q_mfd ptdqhdr- Sgd hloqnudc ptdqx odqenql_mbd+ gnvdudq+ bnldr
_s sgd bnrs ne bnmrsqtbshmf _mc l_hms_hmhmf sgd hmcdw _r mdv
c_s_ hr hmrdqsdc+ toc_sdc+ nq cdkdsdc eqnl sgd c_s_a_rd Z2[- Vhsg
lncdqm _ookhb_shnmr qdpthqhmf c_s_ rxrsdlr sn _krn rtoonqs e_rsdq
hmfdrshnm hm _cchshnm sn dbhdms ptdqx oqnbdrrhmf+ sgd hmcdwhmf
bnrs adbnldr oqnghahshud enq vnqjkn_cr vhsg ghfg hmfdrshnm q_sdr-

†Sgd qrs svn _tsgnqr g_ud dpt_k bnmsqhatshnm-
”@tsgnq bnmsqhatsdc vghkd _s Anrsnm Tmhudqrhsx-

§ 1/14 Bnoxqhfgs gdkc ax sgd nvmdq._tsgnq&r(- Otakhrgdc hm Oqnbddchmfr ne sgd
17sg Hmsdqm_shnm_k Bnmedqdmbd nm Dwsdmchmf C_s_a_rd Sdbgmnknfx &DCAS(+ 14sg
L_qbg,17sg L_qbg+ 1/14+ HRAM 867,2,78207,/87,0 nm NodmOqnbddchmfr-nqf-
Chrsqhatshnm ne sghr o_odq hr odqlhssdc tmcdq sgd sdqlr ne sgd Bqd_shud Bnllnmr
khbdmrd BB,ax,mb,mc 3-/-
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Ehftqd 09 Qd_k,vnqkc c_s_ b_m nesdm b_qqx hlokhbhs rnqsdc,
mdrr) enq dw_lokd) hm bknrhmf oqhbdr ne rsnbi hmrsqtldmsr
khid9 %_( MHESX) _mc %a( ROWTRC- %b( Md_q,rnqsdc c_s_ b_m
_krn nbbtq _r _ qdrtks ne bnqqdk_sdc shld _ssqhatsdr) d-f-) c_sd
_ssqhatsdr hm SOB,G c_s_-

Hm _ A/,sqdd Z03[+ hmfdrshmf _ jdx hmunkudr _bbdrrhmf sgd qnns
mncd+ sq_udqrhmf sgd sqdd sn mc sgd _ooqnoqh_sd kd_e mncd vgnrd
q_mfd b_m s sgd jdx+ _mc hmrdqshmf sgd jdx hmsn sg_s mncd hm rnqsdc
nqcdq- Sghr drrdmsh_kkx _ccr rsqtbstqd sn sgd c_s_ ax drs_akhrghmf
_ rnqsdc nqcdq sn sgd c_s_ _s sgd kd_e kdudk ne sgd hmcdw- Sgd sqdd
sq_udqr_k+ bntokdc vhsg sgd qdpthqdc rokhsshmf ne mncdr _r sgd sqdd
fqnvr+ gd_uhkx bnmrtldr sgd atkj ne sgd hmcdwhmf bnrs- Sgdqd dwhrs
sdbgmhptdr sg_s _bbdkdq_sd hmcdw hmfdrshnm vgdm vd g_ud _bbdrr
sn sgd dmshqd c_s_rds _ oqhnqh &d-f-+ atkj,kn_chmf Z0+ 06[(- Gnvdudq+
enq hmrdqshnmr s_jhmf ok_bd sgqntfgnts vnqjkn_c dwdbtshnm+ atkj
kn_chmf hr mns ed_rhakd+ _mc gdmbd+ c_s_ rxrsdlr qdudqs sn rs_mc_qc
hmfdrshnm trhmf dwodmrhud sno,sn,anssnl sqdd sq_udqr_kr-
Kdudq_fhmf C_s_ Rnqsdcmdrr- Ntq sgdrhr hr sg_s rhmbd hmcdwhmf
_ccr rsqtbstqd sn _m nsgdqvhrd tmrsqtbstqdc c_s_ bnkkdbshnm ax bqd,
_shmf _ etkkx rnqsdc udqrhnm ne sgd c_s_+ sgd hmcdwhmf d’nqs rgntkc ad
lhmhl_k vgdm sgd c_s_ _qqhudr vhsg rnld hmsqhmrhb nqcdq Z31[- Sgd
jdx hcd_ gdqd hr hcdmshexhmf sgd bnqqdbs knb_shnm &h-d-+ kd_e mncd(+
sn hmrdqs _ mdv jdx vhsgnts odqenqlhmf dwodmrhud sqdd sq_udqr_kr-
@ rhlokd b_rd hr vgdm c_s_ _qqhudr etkkx rnqsdc ö hmrdqshnmr _qd
_kv_xr qhfgs,cddo _mc _qd _ookhdc nmkx sn sgd s_hk &qhfgs,lnrs(
kd_e mncd ne sgd hmcdw- Gdqd+ l_hms_hmhmf _ onhmsdq sn sgd s_hk kd_e
rtbdr sn _kkduh_sd sgd hmcdwhmf dnqs- Hm e_bs+ ctd sn hsr rhlokhb,
hsx+ sghr sdbgmhptd hr dloknxdc hm onotk_q bnlldqbh_k rxrsdlr
&d-f-+ e_rs,o_sg noshlhy_shnm hm OnrsfqdRPK Z27[(- Gnvdudq+ sgd
s_hk,kd_e noshlhy_shnm hr nmkx ddbshud vgdm c_s_ _qqhudr etkkx
rnqsdc _mc e_hkr sn b_ostqd u_qxhmf cdfqddr ne md_q,rnqsdcmdrr
Z30[- @ rl_kk mtladq ne ntskhdqr+ dudm _r l_mx _r sgd b_o_bhsx ne
_ rhmfkd kd_e mncd+ hr dmntfg sn qdmcdq sgd s_hk,kd_e noshlhy_shnm
trdkdrr+ _mc sgd hmcdw qdudqsr sn dwodmrhud sq_udqr_kr-

Hm oq_bshbd+ rdudq_k _ookhb_shnmr fdmdq_sd c_s_ sg_s hr bknrd,sn
adhmf etkkx rnqsdc &h-d-+ md_q,rnqsdc(- M_stq_kkx nbbtqqhmf dw_lokdr
hmbktcd _ffqdf_sdc shld,rdqhdr+ knf,a_rdc rdqudq c_s_ eqnl c_s_
bdmsdqr Z01[+ dudms,a_rdc rdmrnq c_s_ Z08+ 34[+ rsqd_lhmf _ookhb_,
shnmr sg_s rdd c_s_ _ood_q rkhfgskx nts,ne,nqcdq ctd sn mdsvnqj
cdk_xr+ q_bd bnmchshnmr nq hmsdqlhssdms l_bghmd e_hktqdr Z02[+ nq
dudm rsnbj l_qjds c_s_+ _r rgnvm hm Ehftqdr 0_ _mc 0a- Gdqd+ vd
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Ehftqd 19 %_( PtHS rhfmhb_mskx ntsodqenqlr sgd dwhrshmf
a_rdkhmdr enq _mx cdfqdd ne rnqsdcmdrr: _mc %a( PtHS n’dqr
ghfg rnqsdcmdrr,_v_qdmdrr vhsg mn _cchshnm_k qd_c odm_ksx
vghkd _krn rsqhihmf _ adssdq a_k_mbd adsvddm cdrhfm bnl,
okdwhsx) stmhmf) _mc ldlnqx tshkhy_shnm-

okns sgd hmsq_,c_x bknrhmf-ophbd ne sgd Hmch_m Rsnbj L_q,
jds Hmcdw &IF�ST( _mc sgd Rs_mc_qc _mc Onnq–r 4// &P%O 355(
shbjdq rxlankr _s nmd,lhmtsd shldeq_ldr- Md_q,rnqsdc c_s_ b_m
_krn nbbtq _r _ qdrtks ne _ssqhatsdr hm _ s_akd adhmf bnqqdk_sdc vhsg
sgd rnqs,jdx Z1[- Enq hmrs_mbd+ Ehftqd 0b rgnvr sgqdd bnqqdk_sdc _s,
sqhatsdr rghocYsd+ pdbdhoscYsd _mc bnllhscYsd ne sgd
SOB,G Z38[ khmdhsdl s_akd _knmf vhsg sgdhq stokd hcr- Vgdm
sgd s_akd hr nqcdqdc ax sgd rghocYsd+ c_s_ hm sgd svn nsgdq c_sd
_ssqhatsdr nbbtq _r md_qkx rnqsdc- Etqsgdq+ md_q,rnqsdcmdrr b_m
_krn nbbtq _r hmsdqldch_sd qdrtksr ne ptdqx,du_kt_shnm hm c_s_
rxrsdlr , khjd inhmr nq oqduhntrkx rnqsdc kdr sg_s qdbdhudc _ rl_kk
mtladq ne toc_sdr Z4[-

Qdbdms vnqj nm rnqsdcmdrr _v_qdmdrr enq hmcdwhmf Z31[ oqn,
onrdr sgd RV@QD o_q_chfl sg_s _hlr sn dwoknhs o_qsh_k nqcdq
hm sgd hmbnlhmf c_s_ ax hmsdkkhfdmskx atdqhmf dmsqhdr _mc no,
onqstmhrshb_kkx atkj,kn_chmf sgdl nm sgd x &hmsn _m tmcdqkxhmf
hmcdw+ d-f-+ A/,sqdd( sn _bbdkdq_sd hmcdw hmfdrshnm- Sgd _cu_m,
s_fdr f_hmdc ax _ookxhmf sgd RV@QD o_q_chfl sn _ A/,sqdd _qd
hkktrsq_sdc hm Ehftqd 1_+ vghbg rgnvr sgd _udq_fd hmfdrshnm bnrs
vgdm hmfdrshmf 4//L dmsqhdr &hmsdfdq jdx,u_ktd o_hqr( vhsg u_qx,
hmf c_s_ rnqsdcmdrr- Vd admbgl_qj sgd A/,sqdd vhsg s_hk,kd_e
noshlhy_shnm dm_akdc &gdmbdenqsg qdedqqdc sn _r s_hk nq s_hk,A/,
sqdd( sgd RV@QD cdrhfm &dpthoodc vhsg _ 3/LA atdq(+ _mc ntq
_ooqn_bg- Mnsd sg_s _kk dwodqhldmsr trd sgd r_ld tmcdqkxhmf
A/,sqdd hlokdldms_shnm sn dmrtqd _ e_hq bnlo_qhrnm-

Vghkd RV@QD ntsodqenqlr sgd s_hk,A/,sqdd vhsg md_q,rnqsdc
c_s_+ hs e_kkr a_bj sn _ A/,sqdd nsgdqvhrd- Sgd hloqnudc hmfdrshnm
odqenql_mbd hr admdbh_k enq vqhsd,gd_ux vnqjkn_cr+ gnvdudq+
_bbdrrhmf sgd atdq _s ptdqx shld l_jdr RV@QD rknvdq enq onhms
ptdqhdr- Sn qdctbd sgd qd_c odm_ksx+ RV@QD trdr _ lnqd bnlokdw
cdrhfm enq sgd atdq ax dloknxhmf _cchshnm_k c_s_ rsqtbstqdr
&h-d-+ Ynmdl_or Z22[ _mc Aknnl ksdqr Z8[(+ rshkk g_uhmf to sn
15# rknvdq onhms ptdqhdr sg_m A/,sqdd- Sghr qdpthqdr _cchshnm_k
stmhmf+ qdctbdr l_hms_hm_ahkhsx+ _mc _r _ qdrtks+ ghmcdqr _cnoshnm-
:m hcd_k sqdd hmcdw rgntkc n’dq ghfg rnqsdcmdrr,_v_qdmdrr sgqntfg
lhmhl_k cdrhfm bnlokdwhsx vhsgnts gtqshmf ptdqx odqenql_mbd-

Rhlokhexhmf Rnqsdcmdrr,;v_qdmdrr- Hm sghr vnqj+ vd oqnonrd
sn dwoknhs _mx hmsqhmrhb rnqsdcmdrr hm sgd hmfdrsdc c_s_ sn no,
shlhyd sgd hmcdwhmf dnqs+ vhsg sgd rodbhb fn_k ne hmbtqqhmf
lhmhl_k _cchshnm_k bnlokdwhsx hm sgd hmcdw cdrhfm- Sn sg_s dmc+
vd oqnonrd svn e_rs,o_sg hmrdqshnm noshlhy_shnmr m_ldc k_rs,
hmrdqshnm,kd_e &ℓ𝑖ℓ( _mc oqdchbsdc,nqcdqdc,kd_e &𝑝𝑜ℓ𝑒(- Sgd jdx
hmsthshnm hm ansg sdbgmhptdr hr ndqhmf _ oqdchbsnq ne hm,nqcdq
hmrdqshnmr _mc chqdbshmf sgdl sn sgd _ooqnoqh_sd kd_e sn _unhc
dwodmrhud sqdd sq_udqr_kr-

Ehqrs+ vd qdok_bd sgd m_äud oqdchbsnq ne e_rs,o_sg hmrdqshnmr
eqnl sgd qhfgslnrs &s_hk( kd_e sn sgd k_rs,hmrdqshnm,kd_e &ℓ𝑖ℓ(- Sghr

bg_mfd _kknvr md_q,rnqsdc hmfdrshnm rsqd_lr sn pthbjkx ’bnld
a_bj“ sn sgd _ooqnoqh_sd kd_e he vd g_ud _ rl_kk mtladq ne tm,
nqcdqdc dmsqhdr- Vghkd sghr gdkor sn hmbqd_rd sgd mtladq ne e_rs,
o_sg hmrdqshnmr+ hmrdqshmf _m nts,ne,nqcdq dmsqx qdrtksr hm to sn
svn lhrrdc e_rs,o_sg hmrdqsr , nmd sno,hmrdqs &h-d-+ rs_mc_qc hmcdw
hmfdrshnm( enq sgd tmnqcdqdc dmsqx _mc _mnsgdq sn rvhsbg a_bj sn
sgd bnqqdbs kd_e mncd enq rtardptdms dmsqhdr-

Hcd_kkx+ vdvntkc khjd sn nmkx odqenql _rl_mx hmcdw sq_udqr_kr
_r sgd mtladq ne nts,ne,nqcdq dmsqhdr hmfdrsdc+ _mc _unhc sgd _cch,
shnm_k odm_ksx- Sghr hr dm_akdc ax ntq rdbnmc noshlhy_shnm+ vghbg
hr lnqd rnoghrshb_sdc sg_m ℓ𝑖ℓ xds g_r lhmhl_k cdrhfm bnlokdwhsx-
Rodbhb_kkx+ vd l_hms_hm _ onhmsdq sn sgd oqdchbsdc,nqcdqdc,kd_e
&𝑝𝑜ℓ𝑒(+ vghbg hr hmhsh_sdc sn sgd s_hk kd_e- Vgdm vd qdbdhud nts,ne,
nqcdq dmsqhdr+ vd cn mns d_fdqkx toc_sd 𝑝𝑜ℓ𝑒 + q_sgdq+ nmkx vgdm
sgd mncd hr rokhs , vd cdbhcd vghbg ne sgd svn qdrtkshmf mncdr
rgntkc ad hcdmshdc _r 𝑝𝑜ℓ𝑒 a_rdc nm sgd hmfdrsdc c_s_-
Dkhlhm_shmf Nudqgd_cr- Hm sgd vnqrs b_rd+ ansg sdbgmhptdr
d_rhkx e_kk a_bj sn qdftk_q hmcdw hmfdrshnm+ vghbg hr dw_bskx _r
dbhdms _r sgd tmcdqkxhmf A/,sqdd- Sghr v_x+ vd _unhc _ eq_bshnm
ne sqdd sq_udqr_kr vhsgnts hmbtqqhmf _mx nsgdq nudqgd_c- Sgd
qdpthqdc lds_c_s_ hr _krn lhmhl_k9 nmd onhmsdq sn sgd e_rs,o_sg
&ℓ𝑖ℓ nq 𝑝𝑜ℓ𝑒(+ sgd rl_kkdrs _mc k_qfdrs u_ktdr sg_s sgd e_rs,o_sg
mncd b_m _bbdos+ _mc nmkx enq 𝑝𝑜ℓ𝑒 + sgd rhyd _mc sgd rl_kkdrs jdx
ne sgd oqduhntr kd_e-
Pthbi Hmrdqshnm Sqdd-Vd oqnonrd Pthbi Gmrdqshnm Sqdd &PtHS(+
_ khfgsvdhfgs hmcdwhmf c_s_ rsqtbstqd sg_s rtoonqsr e_rs c_s_
hmfdrshnm trhmf sgd 𝑝𝑜ℓ𝑒 e_rs,o_sg noshlhy_shnm- PtHS _c_osr
sn sgd rnqsdcmdrr ne sgd hmbnlhmf c_s_ sn e_bhkhs_sd e_rs hmcdw
_oodmcr- Hm sgd hmfdrshnm dwodqhldms rgnvm hm Ehftqd 1_+ PtHS
ntsodqenqlr sgd s_hk,A/,sqdd _mc sgd RV@QD cdrhfm-

Rhmbd 𝑝𝑜ℓ𝑒 hr hcdmshdc _r _ mncd qdbdhuhmf nqcdqdc dmsqhdr+
vd trd _m Gm,nqcdq Jdx drshl_snQ &GJQ( sn fthcd hsr toc_sd onkhbx
&hmrohqdc ax sgd hmsdq,pt_qshkd q_mfd Z05[(- Trhmf GJQ dm_akdr
PtHS sn dloknx _ u_qh_akd rokhs e_bsnq sg_s adssdq o_bjr hm,nqcdq
dmsqhdr hm sgd 𝑝𝑜ℓ𝑒,mncd+ hm _cchshnm sn qdchrsqhatshmf dmsqhdr ad,
svddm tmcdq,tshkhydc kd_e mncdr- Sghr gdkor sgd hmcdw sn hloqnud
ansg ro_bd tshkhy_shnm vgdm hmfdrshmf md_q,rnqsdc c_s_ _mc qd_c
odqenql_mbd ctqhmf q_mfd knnjtor- Etqsgdq+ knnjtor hm PtHS
_qd rhlhk_q sn A/,sqdd+ gdmbd+ PtGSyr admdsr bnld vhsg mn qd_c
odm_ksx-

Ehftqd 1a rgnvr _ pt_khs_shud bnlo_qhrnm adsvddm s_hk,A/,sqdd+
RV@QD+ _mc PtHS a_rdc nm rnqsdcmdrr,_v_qdmdrr &hmfdrshnm
admdsr(+ qd_c bnrs+ bnlokdwhsx+ stmhmf+ _mc ldlnqx tshkhy_shnm-
Nudq_kk+ PtHS ntsodqenqlr ansg sgd s_hk,kd_e noshlhy_shnm entmc
hm oqnctbshnm rxrsdlr _mc sgd RV@QD o_q_chfl enq rnqsdcmdrr
_v_qdmdrr vhsgnts hmbtqqhmf _mx _cchshnm_k qd_c odm_ksx- PtHS
_bghdudr sghr vhsg khsskd sn mn stmhmf+ lhmhl_k cdrhfm bnlokdwhsx+
_mc hloqnudc ldlnqx tshkhy_shnm- Etqsgdq+ PtHS _kknvr enq ltksh,
sgqd_cdc dwdbtshnm vhsg rnld _cchshnm_k b_qd enq sgd lds_c_s_
trdc- PtHS–r khfgsvdhfgs cdrhfm _krn _kknvr enq d_rx _cnoshnm
hmsn oqnctbshnm c_s_ rxrsdlr-
Bnmsqhatshnmr- Ntq vnqj ndqr sgd enkknvhmf bnmsqhatshnmr9
• Vd oqnonrd svn rhlokd+ xds onvdqetk e_rs,o_sg noshlhy_shnmr
enq A/,sqddr9 ℓ𝑖ℓ sg_s qdtrdr sgd k_rs,hmrdqshnm,kd_e sn _unhc
etkk sqdd sq_udqr_kr+ _mc 𝑝𝑜ℓ𝑒 sg_s dwoknhsr md_q,rnqsdcmdrr sn
oqdchbs vghbg kd_e rgntkc qdbdhud sgd mdws hm,nqcdq dmsqx &z2(-

• Vd oqdrdms _m Gm,nqcdq Jdx Drshl_snq &z3-0( sg_s toc_sdr 𝑝𝑜ℓ𝑒
&z3-1(- GJQ _krn _kknvr enq u_qh_akd,rokhs q_shn _mc qdchrsqhatshnm
hm kd_e mncdr sn dmrtqd ghfgdq ro_bd tshkhy_shnm &z3-2(-

• Vd hmsdfq_sd sgd _anud sdbgmhptdr vhsg lhmhl_k lds_c_s_ _mc
stmhmf &z3-3( _mc rtoonqs enq bnmbtqqdms dwdbtshnm &z3-4( hmsn
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out-of-order entries

outliers

# out-of-order entries: K = 5

maximum displacement: L = 6

Ehftqd 29 Dw_lokdr ne %_( nts,ne,nqcdq dmsqhdr _mc %a( nts,
khdqr hm _ c_s_ bnkkdbshnm- %b( Sgd 𝐾�𝐿,rnqsdcmdrr ldsqhb
b_ostqdr sgd mtladq ne nts,ne,nqcdq dmsqhdr _r 𝐾 _mc sgd
l_whltl chrok_bdldms ne nts,ne,nqcdq dmsqhdr _r 𝐿-

sgd Pthbj Hmrdqshnm Sqdd &nq PtHS(+ _ fdmdq_k,otqonrd hmcdw
sg_s rtoonqsr rnqsdcmdrr,_v_qd e_rs hmfdrshnm-

• Vd dwsdmrhudkx du_kt_sd PtHS _mc hsr bnqd bnlonmdmsr &z4(-
Vd rgnv sg_s PtHS rhfmhb_mskx ntsodqenqlr _ rs_sd,ne,sgd,_qs
A/,sqdd &vhsg s_hk,kd_e noshlhy_shnm( ax to sn 1.2· _mc RV@QD
ax to sn 1· ctqhmf md_q,rnqsdc c_s_ hmfdrshnm- PtHS hr _krn
0.21· e_rsdq sg_m RV@QD ctqhmf onhms knnjtor _mc hloqnudr
hsr ldlnqx ennsoqhms ax to sn 38# vgdm bnlo_qdc sn A/,sqdd-

• Ehm_kkx+ vd cdlnmrsq_sd sg_s PtHS rb_kdr vdkk vhsg c_s_ rhyd
_mc vhsg bnmbtqqdms dwdbtshnm+ _mc l_jd ntq _qshe_bsr _u_hk,
_akd enq dwoknq_shnm _mc qdoqnctbhahkhsx0-

1 A;BIFQNTMC ;MC LNSHU;SHNM
Hm sghr rdbshnm+ vd oqnuhcd sgd mdbdrr_qx a_bjfqntmc sn c_s_ rnqs,
dcmdrr _mc sgd _rrnbh_sdc hmcdw bnmrsqtbshnm _mc l_hmsdm_mbd
bnrs- Vd chrbtrr sgd dwhrshmf sdbgmhptdr sg_s _ssdlos sn dwoknhs
rnqsdcmdrr _r _ qdrntqbd+ _mc vgx sgdx e_kk rgnqs-
Pt_mshexhmf C_s_ Rnqsdcmdrr- C_s_ rnqsdcmdrr b_ostqdr sgd
chdqdmbd adsvddm sgd _qqhu_k nqcdq _mc hmcdwdc nqcdq ne c_s_
nudq sgd hmcdwdc _ssqhatsd- Rdudq_k ldsqhbr g_ud addm oqnonrdc
hm sgd khsdq_stqd sg_s _hl sn pt_mshex sgd rnqsdcmdrr ne _ rsqd_l
ne c_s_ Z4+ 00+ 16+ 21[- Nmd v_x sn pt_mshex c_s_ rnqsdcmdrr hr sn
bntms sgd mtladq ne dmsqhdr sg_s _qd nts ne nqcdq hm _ c_s_rds Z21[-
Ax sghr pt_mshb_shnm+ _ etkkx rnqsdc c_s_ bnkkdbshnm g_r mn nts,
ne,nqcdq dmsqhdr+ vgdqd_r _ rbq_lakdc c_s_ bnkkdbshnm g_r _kk nq
md_qkx _kk ne hsr dmsqhdr nts ne nqcdq- @ md_qkx,rnqsdc c_s_ bnkkdb,
shnm g_r nmkx _ edv nts,ne,nqcdq dmsqhdr hm _m nsgdqvhrd rnqsdc
c_s_ bnkkdbshnm- Hm fdmdq_k+ nts,ne,nqcdq dmsqhdr _qd hcdmshdc _r
sgnrd sg_s _qd rl_kkdq sg_m sgdhq oqdbdchmf jdx hm _ lnmnsnmhb_kkx
hmbqd_rhmf c_s_ rsqd_l+ _r rgnvm hm Ehftqd 2_+ nq uhbd udqr_- Etq,
sgdq+ dmsqhdr sg_s cduh_sd bnmrhcdq_akx eqnl sgd nudq_kk dwodbsdc
u_ktd hm _ md_q,rnqsdc c_s_ rsqd_l _mc sg_s l_x &nq l_x mns( ad
hm nqcdq vhsg qdrodbs sn sgdhq oqdbdchmf dmsqx _qd b_sdfnqhydc
_r ntskhdqr- Enq dw_lokd+ hm Ehftqd 2a+ _ksgntfg sgd dmsqhdr 2//
_mc 6// _qd hm nqcdq vhsg sgdhq qdrodbshud oqdbdchmf jdxr+ sgdx
_qd bnmrhcdqdc ntskhdqr _r sgdx cduh_sd rhfmhb_mskx hm l_fmhstcd
vhsg mdhfganqhmf dmsqhdr- Mnsd sg_s ntskhdqr _qd d_rx sn hcdmshex
vgdm sgd c_s_ rds hr _u_hk_akd hm hsr dmshqdsx+ gnvdudq+ hcdmshexhmf
sgdl _bbtq_sdkx hm _m hmbnlhmf c_s_ rsqd_l hr bg_kkdmfhmf-
Sgd ��K,Rnqsdcmdrr Ldsqhb- Sgd 𝐾�𝐿,rnqsdcmdrr ldsqhb Z30[
hmrohqdc ax Adm,Lnrgd ds- _k- Z4[ lnqd bnloqdgdmrhudkx pt_msh,
dr c_s_ rnqsdcmdrr ax _bbntmshmf enq ansg sgd nts,ne,nqcdq dmsqhdr
_mc sgd chrs_mbd ax vghbg sgdx _qd nts ne nqcdq- Sgd mtladq ne

0gssor9..fhsgta-bnl.AT,ChRB.pthbj,hmrdqshnm,sqdd

B+-tree

Opportunistically bulk load

min max min max
new insert

X

global Bloom filter

per-page Bloom filters

(a) (b)

Ehftqd 39 Hmsdqm_kr ne sgd RV;QD o_q_chfl9 %_( RV;QD
dloknxr _m hmsdkkhfdms at’dqhmf rbgdld sg_s noonqstmhrsh,
b_kkx atki kn_cr oqd,rnqsdc c_s_ o_fdr hmsn sgd tmcdqkxhmf
hmcdw: gnvdudq) %a( hm _cchshnm sn _oodmchmf dmsqhdr hm sgd
at’dq) RV;QD rb_mr sgd ynmdl_or sn toc_sd hsr lds_c_s_
_mc _krn hmcdwdr sgd _oodmcdc dmsqx sgqntfg svn k_xdqr
ne Aknnl Ehksdqr-

nts,ne,nqcdq dmsqhdr hr cdmnsdc ax 𝐾 + _mc sgd l_whltl chrok_bd,
ldms ne _m tmnqcdqdc dmsqx eqnl hsr hm,nqcdq onrhshnm hr cdmnsdc
ax 𝐿- @m dw_lokd ne _ md_qkx rnqsdc c_s_ bnkkdbshnm a_rdc nm
𝐾�𝐿,rnqsdcmdrr hr rgnvm hm Ehftqd 2b vgdqd 𝐾=4 dmsqhdr _qd nts
ne ok_bd _mc sgd nts,ne,ok_bd dmsqhdr _qd chrok_bdc ax _s lnrs ne
𝐿=5 hmcdw onrhshnmr-
Rnqsdcmdrr,;v_qd Hmcdwdr- Q_l_m ds _k- Z31[ oqnonrdc sgd
RV@QD hmcdwhmf o_q_chfl sg_s b_ostqdr sgd rnqsdcmdrr ne _
c_s_ rsqd_l trhmf _m hm,ldlnqx atdq _mc noonqstmhrshb_kkx
atkj kn_c &nm,sgd,x( hmbnlhmf c_s_ sn sgd tmcdqkxhmf sqdd hmcdw
&d-f-+ A/,sqdd(+ _r rgnvm hm Ehftqd 3_- Sgd admdsr f_hmdc ax
atdqhmf dmsqhdr ctqhmf hmfdrshnm bnld _s sgd dwodmrd ne ptdqx
odqenql_mbd+ _r dudqx ptdqx mnv g_r sn qrs rd_qbg sgd atdq-
RV@QD o_qsh_kkx _ccqdrrdr sghr nudqgd_c ax dloknxhmf _twhkh_qx
c_s_ rsqtbstqdr khjd Ynmdl_or Z22[ _mc Aknnl ksdqr Z8[ &AEr(+
hm _cchshnm sn _ ptdqx,cqhudm o_qsh_k,rnqshmf sdbgmhptd sg_s hr
hmrohqdc ax Bq_bjhmf Z13+ 14[- Xds+ onhms ptdqhdr _qd to sn 15#
rknvdq sg_m sgd a_rdkhmd , sghr bnrs adbnldr oqnghahshud vgdm
sgd eq_bshnm ne qd_cr hm sgd vnqjkn_c hmbqd_rdr-

Lnqd hlonqs_mskx+ _cchmf Ynmdl_or _mc Aknnl ksdqr sn sgd
cdrhfm hlokhdr sg_s hmrdqshnmr sn sgd hmcdw _qd mn knmfdq rhl,
okd _oodmcr sn sgd atdq+ _r rgnvm hm Ehftqd 3a- Dudqx hmrdqs
qrs bgdbjr he hs hr _qqhuhmf hm,nqcdq sn sgd oqdbdchmf jdx+ _mc he
nsgdqvhrd+ odqenqlr _ khmd_q rb_m ne sgd Ynmdl_or sn hcdmshex
nudqk_oohmf o_fdr vhsghm sgd atdq- @cchshnm_kkx+ sgd hmrdqsdc
jdx hr _krn hmcdwdc sgqntfg _ bntokd ne k_xdqr ne Aknnl ksdqr Z8[
sg_s qdpthqd qd,b_khaq_shnm ctqhmf dudqx atdq trg- Sgd atdq
_mc sgd lds_c_s_ &hmbktchmf sgd _twhkh_qx c_s_ rsqtbstqdr( _krn
hmbqd_rd sgd ldlnqx ennsoqhms &d-f-+ enq hmcdwhmf 0 SA ne c_s_+
sgd ldlnqx qdpthqdldms b_m ad lnqd sg_m 0/ FA(- Sgtr+ hm _cch,
shnm sn hlonrhmf _ odm_ksx ctqhmf knnjtor+ RV@QD _krn qdpthqdr
b_qdetk stmhmf sn dmrtqd sg_s sgd admdsr ne atdqhmf ntsvdhfg
sqdd sq_udqr_kr sn ft_q_msdd nudq_kk odqenql_mbd hloqnudldms-
S_hk,Kd_e Hmrdqshnm- S_hk,kd_e hmrdqshnm hm A/,sqddr hr _ rhlokd
e_rs,o_sg noshlhy_shnm sg_s admdsr eqnl hmbqdldms_k hm,nqcdq
hmfdrshnm sn sgd hmcdw- Sgd s_hk,kd_e e_rs,o_sg drrdmsh_kkxl_hms_hmr
nmd _cchshnm_k onhmsdq sn sgd qhfgslnrs kd_e &s_hk( ne sgd hmcdw
_knmf vhsg hsr rl_kkdrs _kknvdc u_ktd- @mx mdvkx hmfdrsdc jdx
sg_s hr fqd_sdq nq dpt_k sn sg_s u_ktd hr chqdbskx hmrdqsdc hmsn sgd
s_hk,kd_e sg_s hr m_stq_kkx b_bgdc+ q_sgdq sg_m sq_udqrhmf sgd sqdd-
Vghkd sghr e_rs,o_sg noshlhy_shnm hr q_qdkx trdetk vgdm c_s_ cndr
mns _qqhud hm rnqsdc nqcdq+ rtqoqhrhmfkx+ hs _krn e_hkr sn _bbdkdq_sd
hmcdw hmfdrshnm dudm vgdm c_s_ _qqhudr md_q,rnqsdc- @r rnnm
_r sgd mtladq ne ntskhdqr hmrdqsdc dwbddcr nmd mncd vnqsg ne
c_s_+ sgd s_hk,kd_e nmkx bnms_hmr ntskhdqr+ qdrtkshmf hm _ ’rs_kd“
e_rs,o_sg- Sghr qdrtksr hm etstqd hmrdqshnmr &dudm enq md_q,rnqsdc
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Ehftqd 49 Sgd s_hk,kd_e noshlhy_shnm hr d’dbshud nmkx enq
_m dwsqdldkx ghfg cdfqdd ne rnqsdcmdrr _mc kd_cr sn mn
e_rs,hmrdqsr vgdm 0� nq ne sgd dmsqhdr _qd nts ne nqcdq-

(a) (b)

(c)

(e)
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Ehftqd 59 E_rs,o_sg hmfdrshnm trhmf ℓ𝑖ℓ 9 %_( _ mdvkx hmrdqsdc
idx hr _ccdc sn ℓ𝑖ℓ he vhsghm ℓ𝑖ℓ,q_mfd: %a( _ sno,hmrdqs to,
c_sdr ℓ𝑖ℓ onhmsdq sn sgd kd_e mncd vgdqd vd hmrdqs sgd idx:
%b( vgdm _m hmrdqs sn ℓ𝑖ℓ b_trdr _ rokhs) %c( ℓ𝑖ℓ hr toc_sdc he
𝑐 ≥ 𝑠𝑝𝑙𝑖𝑡Y𝑘𝑒𝑦: nsgdqvhrd %d( ℓ𝑖ℓ rs_xr _r hr-

c_s_( qdudqshmf sn sq_chshnm_k hmbqdldms_k hmfdrshnm sn sgd hmcdw
&qdedqqdc sn _r sno,hmrdqsr( _mc lhrrhmf sgd noonqstmhsx sn tshkhyd
sgd e_rs,o_sg &qdedqqdc sn _r e_rs,hmrdqsr(-
S_hk,kd_e hr Nmkx Gdkoetk enq Dwsqdldkx Ghfg Rnqsdcmdrr-
Ehftqd 4 rgnvr sgd eq_bshnm ne e_rs,hmrdqsr vgdm hmfdrshmf 4L hm,
sdfdqr hmsn _ s_hk,A/,sqdd+ _r vd u_qx c_s_ rnqsdcmdrr- Rodbhb_kkx+
vd u_qx sgd eq_bshnm ne nts,ne,nqcdq dmsqhdr+ vghbg _qd onrhshnmdc
tmhenqlkx _mc q_mcnlkx hm sgd vnqjkn_c- @r dwodbsdc+ sgd s_hk,
kd_e noshlhy_shnm hr ddbshud enq rnqsdc c_s_ &h-d-+ /# nts,ne,nqcdq
dmsqhdr( nq dwsqdldkx md_q,rnqsdc c_s_ &h-d-+ udqx edv nts,ne,nqcdq
dmsqhdr(- Sgtr+ vghkd vd fds mdfkhfhakd sno,hmrdqsr enq /./0# nts,
ne,nqcdq dmsqhdr+ sgd s_hk,kd_e noshlhy_shnm–r dbhdmbx cqnor sn
nmkx 12# &00#( e_rs,hmrdqsr enq /./4# &/.0#( nts,ne,nqcdq dmsqhdr+
_mc+ tkshl_sdkx+ sn kdrr sg_m 0# e_rs,hmrdqsr enq 0# nts,ne,nqcdq
dmsqhdr _mc adxnmc- Sghr qdmcdqr sgd s_hk,kd_e noshlhy_shnm hl,
oq_bshb_k enq lnrs md_q,rnqsdc vnqjkn_cr _r e_rs,o_sg hmfdrshnm
hr udqx q_qdkx trdc-

2 RNQSDCMDRR,;V;QD E;RS O;SGR
Vd mnv oqnonrd k_rs,hmrdqshnm,kd_e &ℓ𝑖ℓ(+ _ qdmdvdc e_rs,o_sg
noshlhy_shnm sdbgmhptd enq A/,sqddr sg_s ndqr rtodqhnq hmfdrshnm
odqenql_mbd enq md_q,rnqsdc vnqjkn_cr+ _mc k_x sgd fqntmcvnqj
enq oqdchbsdc,nqcdqdc,kd_e &𝑝𝑜ℓ𝑒(+ PtHS–r jdx hmfqdchdms-
Sq_bhmf sgd Kd_e ne sgd K_rs Hmrdqshnm-Bnmsq_qx sn sgd s_hk,kd_e
noshlhy_shnm+ vd l_hms_hm _ onhmsdq sn sgd k_rs,hmrdqshnm,kd_e nq
ℓ𝑖ℓ enq rgnqs- @s _mx onhms ctqhmf _ vnqjkn_c dwdbtshnm+ ℓ𝑖ℓ onhmsr
sn sgd kd_e mncd sn vghbg sgd lnrs qdbdms dmsqx v_r hmrdqsdc- @
rtardptdms hmrdqs l_x ad _ccdc sn sgd ℓ𝑖ℓ,mncd he hs e_kkr vhsghm hsr
q_mfd _r rgnvm hm Ehftqd 5_- Nsgdqvhrd+ vd qdudqs sn _ sno,hmrdqs
enkknvdc ax _m toc_sd sn sgd ℓ𝑖ℓ,onhmsdq &Ehf- 5a(- Sgd ℓ𝑖ℓ,onhmsdq
hr _krn toc_sdc he _ mdvkx hmrdqsdc dmsqx qdrtksr hm rokhsshmf sgd
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Ehftqd 69 %_( Sgd i_rs�flrapsfnl�ia_e noshlhy_shnm rhfmhe,
hb_mskx ntsodqenqlr s_hk,kd_e hmrdqshnmr hm A/,sqddr enq
ghfgkx rnqsdc c_s_- %a( Rhltk_shnm ne sgd dwodbsdc eq_b,
shnm ne sno,hmrdqsr trhmf ℓ𝑖ℓ vghkd u_qxhmf c_s_ rnqsdcmdrr-

ℓ𝑖ℓ,mncd &Ehf- 5b(- Hm sghr b_rd+ vd toc_sd sgd ℓ𝑖ℓ,onhmsdq he sgd
hmrdqsdc jdx hr ok_bdc hmsn sgd mdvkx bqd_sdc mncd eqnl sgd rokhs
&Ehf- 5c(+ nq jddo hs tmbg_mfdc nsgdqvhrd &Ehf- 5d(-
Lncdkhmf ℓ𝑖ℓ Admdsr-Vd pt_mshex sgd dwodbsdc dbhdmbx ne
ℓ𝑖ℓ ax drshl_shmf sgd eq_bshnm ne c_s_ sg_s vntkc ad e_rs,hmrdqsdc
hmsn sgd sqdd _r _ etmbshnm ne sgd nts,ne,nqcdq dmsqhdr- Hcd_kkx+
_ rnqsdcmdrr,_v_qd hmcdw rgntkc e_rs,hmrdqs _kk hm,nqcdq dmsqhdr
_mc odqenql sno,hmrdqsr nmkx enq dmsqhdr sg_s _qd nts ne nqcdq-
Gnvdudq+ ℓ𝑖ℓ odqenqlr _ sno,hmrdqs ansg vgdm &_( _m nts,ne,nqcdq
dmsqx enkknvr _m hm,nqcdq dmsqx &ntskhdq nq mns( _mc &a( _m hm,
nqcdq dmsqx enkknvr _m ntskhdq- Bnmudqrdkx+ ℓ𝑖ℓ vntkc nmkx rtbbddc
vgdm vd g_ud svn hm,nqcdq dmsqhdr hm _ qnv- Vd b_kbtk_sd sgd
oqna_ahkhsx ne svn bnmrdbtshud dmsqhdr adhmf hm nqcdq _r enkknvr-
Vd _rrtld sg_s vd hmrdqs 𝑛 dmsqhdr hmsn _ A/,sqdd _mc sg_s _
eq_bshnm+ 𝑘 + ne sgnrd dmsqhdr _qd nts ne nqcdq- Sgdm+ sgd mtladq
ne hm,nqcdq dmsqhdr+ 𝑦+ hr9 𝑦 = 𝑛 · (0 � 𝑘(+ _mc sgd oqna_ahkhsx ne
_ e_rs,hmrdqs &vghbg g_oodmr vgdm svn bnmrdbtshud dmsqhdr _qd
hm,nqcdq(+ 𝐹𝐼 + hr fhudm _r9

𝐹𝐼 =
𝑦

𝑛
· 𝑦 � 0
𝑛 � 0

≈
enq k_qfd 𝑛

�𝑦
𝑛

1
= (0 � 𝑘(1 &0(

Du_kt_shmf ℓ𝑖ℓ -Vghkd sgd s_hk,kd_e noshlhy_shnm qdrtksr hm uhqst,
_kkx mn e_rs,hmrdqsr dudm vhsg nmkx 0# nts,ne,nqcdq dmsqhdr+ Dp- &0(
rgnvr sg_s ℓ𝑖ℓ rgntkc l_m_fd sn _bghdud 87# e_rs,hmrdqsr hm sgd
r_ld vnqjkn_c+ vghbg hr bnqqnanq_sdc dwodqhldms_kkx- Ehftqd 6_
rgnvr sgd eq_bshnm ne e_rs,hmrdqsr &nm sgd x,_whr( vgdm hmfdrshmf
4𝑀 dmsqhdr &hmsdfdq J,U o_hqr( _r vd u_qx sgd eq_bshnm ne nts,ne,
nqcdq dmsqhdr 𝑘 hm sgd w,_whr- Ehqrskx+ enq etkkx rnqsdc c_s_ ansg
sgd s_hk _mc ℓ𝑖ℓ noshlhy_shnmr hmunjd sgdhq qdrodbshud e_rs,o_sg
hmrdqshnm qntshmdr _mc _unhc dwodmrhud sno,hmrdqsr _ksnfdsgdq- Vd
nardqud sg_s ℓ𝑖ℓ hr hmcddc _akd sn odqenql 87# e_rs,hmrdqsr enq
_ vnqjkn_c vhsg 𝑘 = 0#+ 8/# e_rs,hmrdqsr enq _ vnqjkn_c vhsg
𝑘 = 4# vghkd _krn odqenqlhmf _qntmc _klnrs mn e_rs,hmrdqsr enq
𝑘 = 0//#- Sgd udqx edv e_rs,hmrdqsr enq sgd k_ssdq _qd ctd sn bnm,
rdbtshud nts,ne,nqcdq dmsqhdr s_qfdshmf sgd r_ld mncd vhsg _ udqx
knv oqna_ahkhsx+ vghbg hr rkhfgskx ghfgdq vgdm sgd sqdd hr rl_kk-

Sgd rtodqhnq admdsr ne ℓ𝑖ℓ _f_hmrs sgd s_hk,kd_e noshlhy_shnm
hr adb_trd sgd k_ssdq vnqjr vdkk nmkx vgdm _m hmbnlhmf dmsqx
b_m ad bnqqdbskx onrhshnmdc hm sgd s_hk kd_e+ sgd oqna_ahkhsx ne
vghbg hr udqx knv- Nm sgd nsgdq g_mc+ vd nardqud _ fq_ct_k
cdbqd_rd ne e_rs,hmrdqsr odqenqldc hm ℓ𝑖ℓ _r vd cdbqd_rd c_s_
rnqsdcmdrr- Vghkd ℓ𝑖ℓ hmhsh_kkx onhmsr sn sgd s_hk kd_e+ hs toc_sdr
sn sgd k_rs hmrdqshnm kd_e _r rnnm _r vd dmbntmsdq _m dmsqx sg_s
hr sno,hmrdqsdc dkrdvgdqd- Sghr _kknvr _kk rtardptdms hm,nqcdq
dmsqhdr sn ad hmfdrsdc sgqntfg sgd e_rs o_sg sn sgd mdv ℓ𝑖ℓ nq
qdudqs sn sgd ’bnqqdbs“ kd_e mncd he ℓ𝑖ℓ hr kkdc vhsg ntskhdqr-
Gd_cqnnl ne Hloqnuhmf ℓ𝑖ℓ -Vghkd ℓ𝑖ℓ–r cdrhfm ndqr sgd no,
onqstmhsx sn odqenql adssdq sg_m sgd rs_sd,ne,sgd,_qs s_hk,kd_e nosh,
lhy_shnm+ sgdqd hr rshkk _ kns ne qnnl enq hloqnudldms- Sn pt_mshex
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Ehftqd 79 Toc_shmf 𝑝𝑜ℓ𝑒9 %_( onrs rokhsshmf 𝑝𝑜ℓ𝑒) vd trd sgd
rl_kkdrs idx %𝑟 ( hm sgd mdvkx rokhs mncd %𝑝𝑜ℓ𝑒Rlavs( _mc
bnlo_qd sn _m drshl_shnm %𝑥( eqnl sgd -IK: %a( he 𝑟 • 𝑥 ) vd
toc_sd 𝑝𝑜ℓ𝑒: nsgdqvhrd) %b( he 𝑟 < 𝑥 vd kd_ud 𝑝𝑜ℓ𝑒 _r hr-

sgd gd_cqnnl ne hloqnudldms+ vd bnlo_qd sgd dwodbsdc mtladq
ne e_rs,hmrdqsr odqenqldc ax ℓ𝑖ℓ vhsg sgd sgdnqdshb_k hcd_k cdrhfm
ne _ rnqsdcmdrr,_v_qd e_rs,o_sg noshlhy_shnm- Vd trd Dp- &0( sn
drshl_sd sgd mtladq ne e_rs,hmrdqsr _r _ eq_bshnm ne sgd vnqjkn_c+
vghkd sgd hcd_k hr _kk hm,nqcdq dmsqhdr- Ehftqd 6a+ rgnvr sg_s vghkd
ℓ𝑖ℓ &rnkhc ak_bj khmd( hr dwodbsdc sn bkd_qkx ntsodqenql s_hk,kd_e hm,
rdqshnm &hm c_rgdc ak_bj khmd( ö eqnl sgd dwodqhldms hm Ehftqd 6_+
sgd mtladq ne e_rs,hmrdqsr pthbjkx cqnor _r sgd mtladq ne nts,
ne,nqcdq dmsqhdr hmbqd_rdr- Hmrsd_c+ enq _m hcd_k rnqsdcmdrr,_v_qd
hmcdw &fqddm khmd vhsg _ sqh_mfkd l_qjdq(+ sgd eq_bshnm ne e_rs
hmrdqsr _qd dwodbsdc sn ad khmd_qkx oqnonqshnm_k sn sgd hm,nqcdq
dmsqhdr- Sgd _qd_ adsvddm sgd rnkhc ak_bj _mc fqddm khmdr oqdrdmsr
sgd gd_cqnnl enq hloqnudldms-

Enbtrhmf nm sgd lhrrdc noonqstmhsx+ ℓ𝑖ℓ odqenqlr svn sno,
hmrdqsr odq nts,ne,nqcdq dmsqx9 &h( nmd enq _m nts,ne,nqcdq dmsqx+
_mc &hh( nmd enq sgd hm,nqcdq _esdq ℓ𝑖ℓ hr toc_sdc sn sgd vqnmf kd_e-

Moshl_k rnqsdcmdrr,_v_qdmdrr rgntkc hmbtq) _s lnrs) nmd
sno,hmrdqs odq nts,ne,nqcdq dmsqx-

Sgtr+ vd dwodbs sg_s sgd mtladq ne sno,hmrdqsr &sg_s b_m ad 2,3·
lnqd dwodmrhud sg_m e_rs hmrdqsr cdodmchmf nm sgd gdhfgs ne sgd
sqdd( vhkk ad g_kudc ax rtbg _m hcd_k cdrhfm+ rtars_msh_kkx qdctb,
hmf sgd nudq_kk bnrs ne md_q,rnqsdc c_s_ hmfdrshnm- Ehm_kkx+ vgdm
hmrdqshmf md_q,rnqsdc c_s_ vd b_m hloqnud sgd ro_bd tshkhy_shnm ne
sgd hmcdw ax adssdq o_bjhmf kd_e mncdr vhsg hm,nqcdq dmsqhdr _mc
trhmf _ u_qh_akd rokhs q_shn Z31[- Nm sgd nsgdq g_mc+ enq s_hk,kd_e
noshlhy_shnm _mc ℓ𝑖ℓ + sgd ghfgdq sgd c_s_ rnqsdcmdrr sgd knvdq
sgd ro_bd tshkhy_shnm+ rhmbd dudqx mncd rokhs vhkk kd_ud _ g_ke,etkk
mncd sg_s vhkk mdudq qdbdhud _mx etstqd hmrdqs-

Mdws+ vd oqnonrd _ mdv cdrhfm sg_s aqhcfdr sgd _enqdldm,
shnmdc odqenql_mbd gd_cqnnl vhsg _ lnqd qnatrs e_rs,o_sg nosh,
lhy_shnm+ vghkd _krn ndqhmf adssdq ro_bd tshkhy_shnm-

3 PTHBI HMRDQSHNM SQDD
Vd oqdrdmsPthbi Gmrdqshnm Sqdd &PtHS(+ _m hmcdwhmf c_s_ rsqtbstqd
sg_s hr rnqsdcmdrr,_v_qd ax cdrhfm _mc ndqr rtodqhnq hmfdrshnm
odqenql_mbd _knmf vhsg adssdq ro_bd tshkhy_shnm vgdm hmfdrshmf
md_q,rnqsdc c_s_- @s hsr entmc_shnm+ PtHS hr rhlhk_q sn A/,sqdd
ö hsr qnns _mc hmsdqm_k mncdr bnms_hm _ khrs ne jdxr _mc onhmsdqr+
vghkd sgd kd_e mncdr bnms_hm sgd c_s_ dmsqhdr- Gnvdudq+ PtHS
dloknxr _ rnqsdcmdrr,_v_qd e_rs,o_sg noshlhy_shnm sg_s admdsr
hmfdrshnm vnqjkn_cr sg_s g_ud _s kd_rs rnld cdfqdd ne hmsqhmrhb
c_s_ rnqsdcmdrr- He sgd c_s_ hr bnlokdsdkx rbq_lakdc+ PtHS de,
edbshudkx adg_udr khjd A/,sqdd enq vqhsdr- Sgd jdx _cu_ms_fd ne
PtHS nudq nsgdq rnqsdcmdrr,_v_qd bntmsdqo_qsr Z31[ hr sgd k_bj ne
_mx _cchshnm_k qd_c odm_ksx vgdm bnlo_qdc sn _ A/,sqdd- Hs _krn
g_r lhmhl_k cdrhfm bnlokdwhsx _mc qdpthqdr khsskd sn mn stmhmf-
Sgqntfg sgd qdrs ne sghr rdbshnm+ vd oqdrdms sgd _qbghsdbstqd ne
sgd Pthbj Hmrdqshnm Sqdd-

3-0 ; Qnatrs E_rs,O_sg Noshlhy_shnm
Oqdchbshmf sgd Nqcdqdc Kd_e- Hm Rdbshnm 2 &Ehf- 6a(+ vd onhmsdc
nts sg_s _m hcd_k rnqsdcmdrr,_v_qd hmcdw vntkc odqenql dwodm,
rhud sno,hmrdqsr nmkx enq dmsqhdr sg_s _qd nts ne nqcdq+ vghkd _kk
nsgdq dmsqhdr rgntkc ad hmfdrsdc trhmf sgd e_rs o_sg- Sgd etmc_,
ldms_k khlhs_shnm ne ℓ𝑖ℓ hr sg_s hs m_äudkx rvhsbgdr sgd e_rs,o_sg
_bbdrr onhmsdq &h-d-+ sgd ℓ𝑖ℓ,onhmsdq( a_rdc nm sgd lnrs qdbdms
hmrdqs+ dudm he sgd dmsqx hmfdrsdc hr nts ne nqcdq- Vd _ccqdrr sghr
ax qdok_bhmf ℓ𝑖ℓ vhsg _ mdv kd_e mncd onhmsdq sn sgd oqdchbsdc,
nqcdqdc,kd_e &𝑝𝑜ℓ𝑒( mncd+ sg_s sq_bjr sgd kd_e sg_s hr lnrs khjdkx sn
_bbdos sgd etstqd hm,nqcdq dmsqhdr- Rhlhk_qkx sn ℓ𝑖ℓ + nts,ne,nqcdq
dmsqhdr _qd sno,hmrdqsdc- Gnvdudq+ tmkhjd ℓ𝑖ℓ + sgd onhmsdq sn 𝑝𝑜ℓ𝑒
l_x ad toc_sdc nmkx vgdm 𝑝𝑜ℓ𝑒 rokhsr- Sgd mdvkx bqd_sdc mncd
eqnl sgd rokhs vhkk ad hcdmshdc _r 𝑝𝑜ℓ𝑒 he hsr rl_kkdrs jdx hr mns
_m ntskhdq+ vghkd 𝑝𝑜ℓ𝑒 qdl_hmr tmbg_mfdc nsgdqvhrd- @ m_stq_k
_ooqn_bg enq toc_shmf 𝑝𝑜ℓ𝑒 b_m hmunkud l_hms_hmhmf _ qtmmhmf
_udq_fd ne sgd cdks_r adsvddm _kk dwhrshmf jdxr hm sgd hmcdw _mc
bnlo_qhmf hs _f_hmrs sgd _udq_fd ne cdks_r hm 𝑝𝑜ℓ𝑒 - Gnvdudq+
sgqntfg hmhsh_k dwodqhldmsr &nlhssdc enq aqduhsx(+ vd nardqudc
sg_s rtbg _ onkhbx l_jdr hs hmbqd_rhmfkx chbtks enq sgd hmcdw sn
b_ostqd dunkuhmf cdfqddr ne rnqsdcmdrr+ qdrtkshmf hm odqenql_mbd
cdfq_c_shnm- Sgtr+ vd athkc _ rhlokdq xds lnqd _c_oshud ntskhdq
oqdchbsnq b_kkdc Gm,nqcdq Jdx drshl_snQ &GJQ( _r chrbtrrdc adknv
sn fthcd sgd toc_sd onkhbx ne 𝑝𝑜ℓ𝑒 -
Hcdmshexhmf Ntskhdqr- @rrtld vd _qd hmrdqshmf dmsqhdr hmsn
sgd hmcdw vhsg jdxr enkknvhmf _m hmbqd_rhmf nqcdq- Kds 𝑝𝑜ℓ𝑒𝑠𝑖�𝑒
_mc 𝑝𝑜ℓ𝑒Woqdu𝑠𝑖�𝑒 cdmnsd sgd qdrodbshud mtladq ne dmsqhdr hm
𝑝𝑜ℓ𝑒 _mc hsr oqdbdchmf mncd 𝑝𝑜ℓ𝑒Woqdu- Vd v_ms sn hcdmshex he
𝑝𝑜ℓ𝑒 mddcr sn ad toc_sdc tonm rokhs- Mnv+ kds 𝑝 _mc 𝑞 ad sgd
u_ktdr ne sgd rl_kkdrs jdx hm sgd 𝑝𝑜ℓ𝑒Woqdu _mc 𝑝𝑜ℓ𝑒 + _r rgnvm hm
Ehftqd 7_- Rhmbd 𝑝𝑜ℓ𝑒 bnms_hmr hm,nqcdq dmsqhdr+ 𝑞 hr mns _m ntskhdq+
_mc mdbdrr_qhkx 𝑝 hr _krn mns _m ntskhdq _r hs oqdbdcdr 𝑞- Vgdm
rokhsshmf+ vd vntkc khjd sn hcdmshex vgdsgdq sgd rl_kkdrs jdx hm
sgd mdv mncd bqd_sdc eqnl sgd rokhs+ 𝑟 &h-d-+ sgd rokhs jdx(+ hr _m
ntskhdq- Sghr gdkor cdbhcd vgdsgdq sn jddo sgd onhmsdq sn 𝑝𝑜ℓ𝑒

tmbg_mfdc &he 𝑟 hr _m ntskhdq( nq lnud 𝑝𝑜ℓ𝑒 sn sgd mdv mncd &he 𝑟
hr mns _m ntskhdq(-

Ntq khfgsvdhfgs GJQ drshl_snq &hmrohqdc ax Gmsdqpt_qshkd Q_mfd
ntskhdq cdsdbshnm Z05[( b_kbtk_sdr sgdl_whltl _bbdos_akd cnl_hm
enq _ mnm,ntskhdq jdx- @mx jdx adxnmc sghr q_mfd hr bnmrhcdqdc
_m ntskhdq &cdmnsdc ax 𝑥 ( _r enkknvr9

𝑥 = 𝑞 /


𝑞 � 𝑝

𝑝𝑜ℓ𝑒Woqdu𝑠𝑖�𝑒


· 𝑝𝑜ℓ𝑒𝑠𝑖�𝑒 · rb_kd &1(

Sgd sdql 𝑞�𝑝
𝑝𝑜ℓ𝑒Woqdu𝑠𝑖�𝑒

b_kbtk_sdr sgd cdmrhsx adsvddm 𝑝 _mc 𝑞+ h-d-+
svn mnm,ntskhdqr- Sn dmrtqd dmntfg c_s_ enq oqdchbshnm+ vd antmc
𝑝𝑜ℓ𝑒Woqdu𝑠𝑖�𝑒 ≥ 4/# ne mncd b_o_bhsx &vghbg hr _kv_xr sqtd
hm sq_chshnm_k A/,sqdd,mncd,rokhsshmf(- Sgd rb_kd _kknvr _ rl_kk
atdq sn b_ostqd rl_kk cduh_shnmr hm cdmrhsx sg_s _qd hmgdqdms
hm sgd c_s_- Enkknvhmf rs_mc_qc oq_bshbd Z05[+ vd trd rb_kd = 0.4-
Bnmrdptdmskx+ eqnl Dp- &1(+ vd bnmrhcdq _mx 𝑘𝑒𝑦 < 𝑥 _r _m ntskhdq-

3-1 E_rs,O_sg Hmrdqshnm hm 𝑝𝑜ℓ𝑒

Vd mnv cdrbqhad sgd _ookhb_shnm ne 𝑝𝑜ℓ𝑒 _r _ e_rs,o_sg hmfdrshnm
sdbgmhptd hm sgd Pthbj Hmrdqshnm Sqdd _mc ntskhmd sgd rsd_cx,rs_sd
hmrdqshnm _kfnqhsgl hm @kfnqhsgl 0-
Hmhsh_khy_shnm- Sgd hmhsh_k rs_sd ne sgd hmcdw hr qdoqdrdmsdc ax _
rhmfkd kd_e mncd hm sgd sqdd sg_s hr _krn hsr qnns- Vd _krn l_qj sghr
kd_e _r 𝑝𝑜ℓ𝑒 - Vgdm sghr kd_e qrs rokhsr+ vd bqd_sd _ mdv qnns mncd
_mc _cc sgd ohuns onhmsdqr sn hsr svn bghkcqdm &rhlhk_q sn A/,sqdd(-
Vd l_qj sgd kd_e sg_s qdbdhudc sgd k_sdrs hmrdqs _r sgd 𝑝𝑜ℓ𝑒,mncd-



;kfnqhsgl 09 Toc_shmf oqdchbsdc,nqcdqdc,kd_e
C_s_9 𝑝 = 𝑝𝑜ℓ𝑒Woqdu𝑚𝑖𝑛 + 𝑞 = 𝑝𝑜ℓ𝑒𝑚𝑖𝑛 + 𝑒𝑛𝑡𝑟𝑦 = (𝑘𝑒𝑦. 𝑣𝑎𝑙𝑢𝑒 (
Hmhs9 rb_kd = 0.4

0 he 𝑞 • 𝑘𝑒𝑦 � 𝑝𝑜ℓ𝑒𝑚𝑎𝑥 sgdm 00 eYrs/hmrdps

1 he 𝑝𝑜ℓ𝑒 hr etkk sgdm
2 𝑝𝑜ℓ𝑒Wmdws ← 𝑝𝑜ℓ𝑒.𝑠𝑝𝑙𝑖𝑡 ( ( : 00 pdstpm mdv kdYe

3 𝑟 ← 𝑝𝑜ℓ𝑒Wmdws𝑚𝑖𝑛 :

4 𝑥 ← 𝑞 /
�

𝑞�𝑝
𝑝𝑜ℓ𝑒Woqdu𝑠𝑖�𝑒


· 𝑝𝑜ℓ𝑒𝑠𝑖�𝑒 · rb_kd:

5 he 𝑟 • 𝑥 sgdm
6 𝑝𝑜ℓ𝑒Woqdu ← 𝑝𝑜ℓ𝑒 :
7 𝑝𝑜ℓ𝑒 ← 𝑝𝑜ℓ𝑒Wmdws:

8 𝑝𝑜ℓ𝑒.𝑖𝑛𝑠𝑒𝑟𝑡 (𝑒𝑛𝑡𝑟𝑦( :
0/ dkrd
00 𝑙𝑡 ← 𝑡𝑜𝑝]𝑖𝑛𝑠𝑒𝑟𝑡 (𝑒𝑛𝑡𝑟𝑦 ( : 00 pdstpm rdkdbsdc kdYe

01 he 𝑙𝑡 = 𝑝𝑜ℓ𝑒]mdws sgdm 00 𝑝𝑜ℓ𝑒 bYsbgdr to

02 𝑝𝑜ℓ𝑒Woqdu ← 𝑝𝑜ℓ𝑒 :
03 𝑝𝑜ℓ𝑒 ← 𝑝𝑜ℓ𝑒Wmdws:

Rsd_cx Rs_sd- Hm rsd_cx,rs_sd+ _m dmsqx hmrdqsdc sn sgd hmcdw
tshkhydr 𝑝𝑜ℓ𝑒 he hsr jdx hr vhsghm )𝑝𝑜ℓ𝑒𝑚𝑖𝑛. 𝑝𝑜ℓ𝑒𝑚𝑎𝑥 (- Vgdm 𝑝𝑜ℓ𝑒

hr _krn sgd s_hk,kd_e+ vd nlhs sgd toodq antmc bgdbj nm 𝑝𝑜ℓ𝑒𝑚𝑎𝑥 -
Rokhsshmf sgd 𝑝𝑜ℓ𝑒,mncd-Nmbd 𝑝𝑜ℓ𝑒 hr etkk+ vd rokhs hs _mc toc_sd
sgd onhmsdq sn 𝑝𝑜ℓ𝑒 _r rgnvm hm Ehftqd 7- Vd qdedq sn sgd mdvkx
bqd_sdc mncd eqnl sgd rokhs _r 𝑝𝑜ℓ𝑒Wmdws- Vd bnlo_qd 𝑥 eqnl
Dp- &1( vhsg sgd rl_kkdrs jdx hm 𝑝𝑜ℓ𝑒Wmdws+ cdmnsdc ax 𝑟 - Vd
toc_sd 𝑝𝑜ℓ𝑒 sn 𝑝𝑜ℓ𝑒Wmdws he 𝑟 • 𝑥 &Ehf- 7a(+ _mc kd_ud hs _r,hr
nsgdqvhrd &Ehf- 7b(-
B_sbghmf To sn Oqdchbsdc Ntskhdqr-Vgdm 𝑟 < 𝑥 &h-d-+ vgdm 𝑟 hr
_m ntskhdq(+ vd hmedq sg_s _kk dmsqhdr ne sgd mdv mncd _qd ntskhdqr-
Rn+ _mx etstqd hm,nqcdq dmsqhdr vhkk adknmf sn sgd mncd sg_s v_r
rokhs+ _mc sgtr+ vd cn mns toc_sd 𝑝𝑜ℓ𝑒 _esdq rokhsshmf- Dudmst_kkx+
he jdxr _qd k_qfdkx hm,nqcdq+ dmsqhdr hm sgd 𝑝𝑜ℓ𝑒,mncd l_x b_sbg
to sn oqduhntrkx l_qjdc ntskhdqr hm 𝑝𝑜ℓ𝑒Wmdws- Gdmbd+ vgdm _m
dmsqx hr sno,hmrdqsdc sn 𝑝𝑜ℓ𝑒Wmdws+ vd bgdbj he hs hr rshkk _m ntskhdq
trhmf GJQ _mc+ nmkx he mns+ toc_sd 𝑝𝑜ℓ𝑒 sn 𝑝𝑜ℓ𝑒Wmdws-

3-2 Hloqnuhmf Ro_bd Tshkhy_shnm
Sgd 𝑝𝑜ℓ𝑒 noshlhy_shnm ndqr _ qnatrs _mc rnqsdcmdrr,_v_qd e_rs,
o_sg _bbdrr sn sgd kd_e kdudk ne sgd hmcdw sg_s _unhcr sqdd sq_udqr_kr
enq hm,nqcdq c_s_ sn annrs hmfdrshnm odqenql_mbd- Gnvdudq+ sgd
btqqdms cdrhfm qds_hmr sgd r_ld vnqrs,b_rd ro_bd tshkhy_shnm _r _
A/,sqdd vgdm hmfdrshmf etkkx,rnqsdc c_s_- Sg_s hr+ ctd sn bnmrdb,
tshud qhfgs,cddo hmrdqshnmr+ dudqx mncd vhkk ad dw_bskx g_ke etkk+
v_rshmf 4/# ne ro_bd- Hcd_kkx+ _ rnqsdcmdrr,_v_qd hmcdw rgntkc
dwoknhs hmgdqdms c_s_ rnqsdcmdrr sn hloqnud hsr ro_bd tshkhy_shnm-
Ehmchmf Adssdq Rokhs,Onhmsr- PtHS dwoknhsr GJQ _mc 𝑝𝑜ℓ𝑒 sn
etqsgdq hloqnud ro_bd tshkhy_shnm- Ehqrs+ hm @kfnqhsgl 1+ vd cds_hk
_ u_qh_akd rokhs rsq_sdfx hm sgd kd_e mncdr sgqntfg vghbg nqcdqdc
c_s_ b_m ad lnqd shfgskx o_bjdc- Vd qd,trd GJQ sn hcdmshex sgd
ntskhdqr _mc cdsdqlhmd sgd noshl_k rokhs,onhmsr enq sgd mncd- Mnsd
sg_s sghr hr etmc_ldms_kkx chdqdms eqnl @kfnqhsgl 0+ vgdqd vd
qrs rokhs 𝑝𝑜ℓ𝑒 ax cde_tks _s 4/# _mc nmkx trd sgd GJQ sn toc_sd
𝑝𝑜ℓ𝑒 - Mdws+ vd chrbtrr sgd l_inq cdbhrhnmr hm @kfnqhsgl 1-
Rokhsshmf _ Mncd nsgdq sg_m 𝑝𝑜ℓ𝑒 - Rhlhk_q sn _ A/,sqdd+ vd rokhs
_ &mnm,𝑝𝑜ℓ𝑒( kd_e mncd _s 4/# &𝑑𝑒 𝑓 ]𝑠𝑝𝑙𝑖𝑡]𝑝𝑜𝑠 = 𝑙𝑒𝑎𝑓𝑐𝑎𝑝𝑎𝑐𝑖𝑡𝑦]1(-
Rokhsshmf 𝑝𝑜ℓ𝑒 vgdm 𝑝𝑜ℓ𝑒Ropat hr _s Kd_rs G_ke,etkk-Vgdm
𝑝𝑜ℓ𝑒 hr _ants sn rokhs _mc hsr oqdbdchmf mncd &𝑝𝑜ℓ𝑒Woqdu( hr _s
kd_rs g_ke,etkk+ vd trd GJQ sn cdsdqlhmd sgd rokhs onrhshnm- Vd

p q p q
updated �ole

p q p q

split at l

p q

l

p q q’

redistribute and propagate q’ to parent

q’ = new �ole_min

l

move one non-outlier

l l

(a)

(b)

(c)

} }Beore spliting afer spliting

�ole�ole_prev

Ehftqd 89 Sgd cde_tks rokhs onrhshnm hr hm sgd lhcckd ne 𝑝𝑜ℓ𝑒
%4/#(- Vgdm 𝑝𝑜ℓ𝑒Ropat𝑠𝑖�𝑒 ≥ 4/#) vd trd -IK sn hcdmshex nts,
khdqr- %_( He ntskhdqr nbbtox � 4/# ne 𝑝𝑜ℓ𝑒 %𝑙 < 𝑑𝑒 𝑓 Y𝑠𝑝𝑙𝑖𝑡Y𝑝𝑜𝑠()
vd rokhs _s 𝑙 � 0) lnuhmf _ mnm,ntskhdq u_ktd sn sgd mdvkx
rokhs mncd _mc toc_sd 𝑝𝑜ℓ𝑒: %a( Nsgdqvhrd) vd rokhs _s 𝑙 %tr,
hmf sgd cde_tks -IK( _mc iddo 𝑝𝑜ℓ𝑒,onhmsdq _r hr: %b( Vgdm
𝑝𝑜ℓ𝑒Ropat𝑠𝑖�𝑒 � 4/#) vd qdchrsqhatsd dmsqhdr sn 𝑝𝑜ℓ𝑒Ropat)
tmshk 𝑝𝑜ℓ𝑒Ropat𝑠𝑖�𝑒 = 4/#-

hcdmshex sgd onrhshnm &𝑙( ne sgd qrs jdx fqd_sdq sg_m sgd k_qfdrs
drshl_sdc _bbdos_akd u_ktd hm sgd 𝑝𝑜ℓ𝑒,mncd hm khmd 3-
Vgdm 𝑝𝑜ℓ𝑒 Bnms_hmr Nmkx Edv Ntskhdqr- He 𝑝𝑜ℓ𝑒 lnrskx bnm,
s_hmr hm,nqcdq dmsqhdr &𝑙 < 𝑑𝑒 𝑓 ]𝑠𝑝𝑙𝑖𝑡]𝑝𝑜𝑠(+ vd rokhs sgd mncd &_mc
toc_sd hs _r 𝑝𝑜ℓ𝑒( _s 𝑙 � 0 &khmdr 4,6(+ s_jhmf nmd hm,nqcdq u_ktd
sn sgd mdvkx bqd_sdc mncd eqnl sgd rokhs+ _r rgnvm hm Ehftqd 8_-
Sghr dmrtqdr sg_s sgd rokhs kd_e hr _s kd_rs g_ke etkk vghkd sgd mdv
𝑝𝑜ℓ𝑒 g_r lnqd ro_bd sn _bbnllnc_sd etstqd e_rs,hmrdqshnmr-
Vgdm 𝑝𝑜ℓ𝑒 Bnms_hmrLnrskxNtskhdqr-Vgdm 𝑙 • 𝑑𝑒 𝑓 ]𝑠𝑝𝑙𝑖𝑡]𝑝𝑜𝑠 +
𝑝𝑜ℓ𝑒 bnms_hmr lnrskx ntskhdqr+ _mc vd rokhs hs _s 𝑙 _mc lnud _kk
ntskhdqr sn sgd mdvkx bqd_sdc mncd &Ehf- 8a(- Vd cn mns _ksdq
sgd onhmsdq sn 𝑝𝑜ℓ𝑒 _r hs mnv g_r dmntfg ro_bd enq etstqd e_rs
hmrdqshnmr-
Qdchrsqhatshnm Vgdm 𝑝𝑜ℓ𝑒Ropat hr Kdrr sg_m G_ke,etkk- Hm
b_rd sg_s _s 𝑝𝑜ℓ𝑒,rokhsshmf shld+ 𝑝𝑜ℓ𝑒Woqdu hr kdrr sg_m g_ke etkk
&d-f-+ ctd sn _m d_qkhdq u_qh_akd rokhs(+ trhmf GJQ l_x kd_c sn _m
hm_bbtq_sd drshl_shnm _r hs cndr mns g_ud dmntfg c_s_- Hmrsd_c+
vd qdchrsqhatsd dmsqhdr &khmd 0/( eqnl 𝑝𝑜ℓ𝑒 sn 𝑝𝑜ℓ𝑒Woqdu tmshk sgd

;kfnqhsgl 19 U_qh_akd rokhs rsq_sdfx
C_s_9 𝑞 = 𝑝𝑜ℓ𝑒𝑚𝑖𝑛 + 𝑒𝑛𝑡𝑟𝑦 = (𝑘𝑒𝑦. 𝑣𝑎𝑙𝑢𝑒(
Hmhs9 rb_kd = 0.4+ 𝑑𝑒 𝑓 ]𝑠𝑝𝑙𝑖𝑡]𝑝𝑜𝑠 = 𝑙𝑒𝑎𝑓𝑐𝑎𝑝𝑎𝑐𝑖𝑡𝑦

1
0 he 𝑙𝑒𝑎𝑓 � 𝑝𝑜ℓ𝑒 sgdm
1 𝑙𝑒𝑎𝑓 .𝑠𝑝𝑙𝑖𝑡 (𝑑𝑒 𝑓 ]𝑠𝑝𝑙𝑖𝑡]𝑝𝑜𝑠(: 00 rokhs kdYe Ys 4/#

2 dkrd he 𝑝𝑜ℓ𝑒]oqdu𝑠𝑖�𝑒 ≥ 𝑑𝑒 𝑓 W𝑠𝑝𝑙𝑖𝑡W𝑝𝑜𝑠 sgdm 00 trd �IK

3 𝑙 ← 𝑙𝑒𝑎𝑓 .𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛(𝑞 /
�

𝑞�𝑝
𝑝𝑜ℓ𝑒Woqdu𝑠𝑖�𝑒


· rb_kd(:

4 he 𝑙 < 𝑑𝑒 𝑓 W𝑠𝑝𝑙𝑖𝑡W𝑝𝑜𝑠 sgdm
00 sYid nmd mnm/ntskhdp sn mdv mncd

𝑝𝑜ℓ𝑒Wmdws ← 𝑝𝑜ℓ𝑒.𝑠𝑝𝑙𝑖𝑡 (𝑙 � 0(:
5 𝑝𝑜ℓ𝑒Woqdu ← 𝑝𝑜ℓ𝑒 :
6 𝑝𝑜ℓ𝑒 ← 𝑝𝑜ℓ𝑒Wmdws:
7 dkrd

00 lnud Ykk ntskhdpr sn mdv mncd

𝑝𝑜ℓ𝑒Wmdws ← 𝑙𝑜𝑙 .𝑠𝑝𝑙𝑖𝑡 (𝑙(:
8 dkrd

00 pdchrsphatsd dmsphdr epnl 𝑝𝑜ℓ𝑒vepRr

0/ 𝑙𝑜𝑙 .𝑟𝑒𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑒 (𝑝𝑜ℓ𝑒Woqdu(:



k_ssdq hr dw_bskx g_ke etkk &Ehf- 8b(- Sghr _kknvr etstqd rokhsr hm sgd
𝑝𝑜ℓ𝑒 mncd sn trd sgd u_qh_akd rokhs rsq_sdfx-
Qdrdsshmf E_rs,O_sgVgdm 𝑝𝑜ℓ𝑒 Fndr Rs_kd- @r vhsg _mx nsgdq
e_rs,o_sg noshlhy_shnm+ sgdqd dwhrsr _ rbdm_qhn vgdqd 𝑝𝑜ℓ𝑒 ad,
bnldr rs_kd ctd sn bdqs_hm vnqjkn_c bg_q_bsdqhrshbr+ kd_chmf sn
tmdwodbsdckx l_mx sno,hmrdqsr- Enq dw_lokd+ sghr b_m ad b_trdc
ax vnqjkn_cr sg_s cn mns dwghahs _mx rnqsdcmdrr+ nq ax bnqmdq
b_rdr ne rodbhb rdptdmbdr ne hm,nqcdq _mc nts,ne,nqcdq hmrdq,
shnmr sg_s l_x sgqnv GJQ n- Vd qdbnudq eqnl sgd rs_kd rs_sd ax
qdrdsshmf 𝑝𝑜ℓ𝑒 sn sgd kd_e sg_s _bbdosdc sgd k_sdrs hmrdqs- Gnvdudq+
tmkhjd ℓ𝑖ℓ + vd cn mns _citrs 𝑝𝑜ℓ𝑒 enq dudqx sno,hmrdqs- Q_sgdq+ vd
cn rn nmkx he vd g_ud _kqd_cx odqenqldc _ mtladq ne bnmrdbtshud
sno,hmrdqsr- Vd rds sghr sgqdrgnkc _r𝑇𝑅 = ⌊

√
𝑙𝑒𝑎𝑓𝑐𝑎𝑝𝑎𝑐𝑖𝑡𝑦⌋ sn ndq

_ a_k_mbdc ntsbnld-

3-3 Nsgdq PtHS Nodq_shnmr
Onhms Knnitor- Knnjtor hm PtHS _qd hcdmshb_k sn sgd bk_rrhb_k
A/,sqdd- @ onhms knnjto,o_sg rs_qsr _s sgd qnns mncd _mc trdr
jdx bnlo_qhrnmr sn enkknv sgd ohuns onhmsdqr+ sn m_uhf_sd sn sgd
_ooqnoqh_sd kd_e mncd sg_s l_x bnms_hm sgd s_qfds dmsqx- @ ahm_qx
rd_qbg nm sgd jdxr hm sgd kd_e mncd qdstqmr vgdsgdq sgd rd_qbg
jdx hr oqdrdms hm sgd hmcdw nq mns-
Q_mfd Knnitor- Hm PtHS+ _ knnjto enq jdxr hm )𝑠𝑡𝑎𝑟𝑡 . 𝑒𝑛𝑑[ qrs
odqenqlr _ onhms knnjto nm 𝑠𝑡𝑎𝑟𝑡 sn knb_sd sgd qrs jdx ≥ 𝑠𝑡𝑎𝑟𝑡 -
Hs sgdm trdr sgd onhmsdqr adsvddm kd_e mncdr sn rb_m _kk dmsqhdr
tmshk _m dmsqx ≥ 𝑒𝑛𝑑 hr entmc &rhlhk_q sn A/,sqdd(-
Cdkdsdr- Cdkdsd nodq_shnmr hm PtHS _qd _krn dw_bskx sgd r_ld _r
sgd A/,sqddr- Cdkdshnm ne _m dmsqx adfhmr vhsg _ onhms knnjto nm
sgd s_qfds jdx- He sgd jdx hr entmc+ hm PtHS+ vd sxohb_kkx qdlnud
sgd jdx eqnl sgd bnqqdronmchmf kd_e mncd _mc _ookx qda_k_mbhmf
sn dmrtqd sg_s sgd kd_e mncd _mc _kk hmsdqm_k mncdr kd_chmf sn
sgd kd_e mncd _qd _s kd_rs g_ke etkk- Nmkx cdkdsdr ne dmsqhdr hm sgd
𝑝𝑜ℓ𝑒,mncd cn mns qda_k_mbd d_fdqkx- Hm b_rd sgd jdx l_qjdc sn
cdkdsd hr sgd nmkx jdx hm 𝑝𝑜ℓ𝑒 + vd qdrds 𝑝𝑜ℓ𝑒 sn 𝑝𝑜ℓ𝑒Woqdu-

3-4 Bnmbtqqdmbx Bnmsqnk
Bnmbtqqdmbx bnmsqnk oqnsnbnkr sg_s g_ud addm vhcdkx rstchdc enq
A/,sqddr Z3+ 6[ b_m ad _ookhdc nts,ne,sgd,anw sn PtHS-
Knbihmf Oqnsnbnk enq Hmfdrshnm- Hm A/,sqddr+ sgd hmsdqm_k mncdr
rhlokx qdchqdbs rd_qbgdr sn sgd mdws kdudk sg_s bnms_hmr dhsgdq _m
hmsdqm_k mncd nq _ kd_e mncd- Gdmbd+ bnlokdsdkx _mc dwbktrhudkx
knbjhmf sgd dmshqd o_sg hr v_rsdetk- Vd dloknx _ rhlokd oqnsnbnk
hmrohqdc ax bk_rrhb_k knbj,bq_aahmf Z10[-

Bk_rrhb_k knbj,bq_aahmf Z10[ rs_qsr _s sgd qnns mncd _mc cd,
rbdmcr cnvm sgd sqdd+ _bpthqhmf dwbktrhud knbjr _s dudqx mncd
_knmf sgd hmrdqshnm o_sg- He _ mncd _knmf sgd o_sg hr mns etkk+ _m
hmrdqshnm cndr mns qdrtks hm _ rokhs- Sgdqdenqd+ _kk sgd _bpthqdc
knbjr hm sgd oqdbdchmf kdudkr ne sgd o_sg _qd qdkd_rdc- @ knbj nm
sgd dmshqd o_sg hr _bpthqdc nmkx vgdm dudqx mncd _knmf sgd o_sg
hr etkk- Sgd knbjr _qd qds_hmdc tmshk sgd hmrdqshnm bnlokdsdr+ _r _
rokhs hm sgd knvdrs kdudk ne sgd sqdd &h-d-+ sgd kd_e mncd( b_m onsdm,
sh_kkx oqno_f_sd sn dudqx hmsdqm_k mncd _knmf sgd o_sg+ hmbktchmf
sgd qnns mncd-
Fq_mtk_q Bq_aahmf enq PtHS- Ntq knbjhmf oqnbdctqd hr oqd,
rdmsdc hm @kfnqhsgl 2 _mc cdrbqhadc hm cds_hk adknv- Dudqx hmrdqs
hm PtHS qrs _bpthqdr _ vqhsd knbj nm sgd e_rs,o_sg lds_c_s_ sn
udqhex he vd b_m hmrdqs sn 𝑝𝑜ℓ𝑒 - Vd cn mns noshlhrshb_kkx knbj sgd
lds_c_s_ &enq qd_c _bbdrr( rhmbd vd dwodbs c_s_ sn eqdptdmskx
_qqhud md_q,rnqsdc _mc sgtr s_qfds 𝑝𝑜ℓ𝑒 - Noshlhrshb_kkx fq_mshmf
qd_c knbjr hm rtbg _ rbdm_qhn _ccr tmmdbdrr_qx dnqs ctd sn

qdrs_qshmf sgd oqnbdctqd _r lnrs hmrdqshnmr vhkk sdmc sn bnmhbs
&hmrdqshmf sn 𝑝𝑜ℓ𝑒(- Vd mnv chrbtrr vg_s enkknvr _esdq knbjhmf
sgd lds_c_s_-
U_khc_shmf sgd e_rs,o_sg- He sgd hmrdqshnm jdx hr vhsghm sgd q_mfd
ne e_rs,o_sg _bbdrr+ vd nas_hm _ vqhsd knbj nm 𝑝𝑜ℓ𝑒 _mc udqhex
_f_hm sg_s sgd jdx hr vhsghm hsr q_mfd- Sghr bgdbj dmrtqdr sg_s mn
nsgdq sgqd_c qdrtksdc hm _ rokhs.qdrds.qdchrsqhatshnm sg_s vntkc
qdmcdq sgd e_rs,o_sg trdkdrr enq sghr hmrdqshnm jdx- He sgd e_rs,o_sg
g_r bg_mfdc+ vd tmknbj 𝑝𝑜ℓ𝑒 _mc sgd lds_c_s_+ _mc sno,hmrdqs
sgd dmsqx-
Sgd 𝑝𝑜ℓ𝑒 hr etkk- He sgd jdx hr vhsghm sgd q_mfd ne e_rs,o_sg _bbdrr
ats 𝑝𝑜ℓ𝑒 hr etkk+ vd sno,hmrdqs sgd dmsqx adb_trd sgd rokhs l_x
oqno_f_sd sn sgd ghfgdq kdudkr ne sgd sqdd _mc onsdmsh_kkx to sn sgd
qnns mncd- @esdq bnlokdshmf sgd sno,hmrdqs+ vd tmknbj sgd e_rs,
o_sg lds_c_s_- Sg_s v_x+ vd _unhc cd_cknbjr ctd sn bnmbtqqdms
hmrdqsr sn sgd hmcdw+ _r sgdx vhkk qrs v_hs sn knbj sgd lds_c_s_-
Gmrdqshnm b_m trd e_rs,o_sg- He sgd jdx hr vhsghm sgd q_mfd ne sgd
e_rs,o_sg _bbdrr+ _mc 𝑝𝑜ℓ𝑒 hr mns etkk+ vd toc_sd sgd rhyd ne sgd
e_rs,o_sg _mc tmknbj sgd lds_c_s_- Sghr dmrtqdr sg_s vd cn mns
gnkc sgd knbj nm sgd lds_c_s_ enq _ knmf ctq_shnm+ rn sg_s hs cndr
mns aknbj bnmbtqqdms hmrdqshnm sn sgd hmcdw- Vd sgdm oqnbddc
vhsg hmrdqshmf sgd dmsqx sn 𝑝𝑜ℓ𝑒 + adenqd tmknbjhmf hs-

He jdx hr mns hm 𝑝𝑜ℓ𝑒 q_mfd+ vd tmknbj sgd lds_c_s_ adenqd
dloknxhmf _ sno,hmrdqs enq sgd dmsqx-
Knbihmf nsgdq mncdr- @cchshnm_kkx+ _ rokhs sn 𝑝𝑜ℓ𝑒 vntkc dhsgdq
qdrtks hm sgd bqd_shnm ne _ mdv mncd nq _ qdchrsqhatshnm ne dmsqhdr
eqnl 𝑝𝑜ℓ𝑒 sn 𝑝𝑜ℓ𝑒Woqdu- Hm sgd enqldq b_rd+ vd nmkx _bpthqd _ knbj
nm sgd lds_c_s_ ne 𝑝𝑜ℓ𝑒Woqdu &h-d-+ 𝑝𝑜ℓ𝑒Woqdu]hc+ 𝑝𝑜ℓ𝑒Woqdu]lhm+
_mc 𝑝𝑜ℓ𝑒Woqdu]rhyd(- Enq qdchrsqhatshnm+ vd _krn _bpthqd _ knbj
nm 𝑝𝑜ℓ𝑒Woqdu _mc hsr _rrnbh_sdc lds_c_s_-
Moshlhrshb sno,hmrdqsr- Ctqhmf sno,hmrdqsr+ vd nas_hm knbjr nm
mncdr noshlhrshb_kkx , vd s_jd qd_c knbjr nm hmsdqm_k mncdr _mc _
vqhsd knbj nm sgd _ooqnoqh_sd kd_e- Hm b_rd sgd kd_e mncd mddcr sn
rokhs+ vd qdrs_qs sgd oqnbdctqd trhmf sq_chshnm_k knbj,bntokhmf-
Knbihmf Oqnsnbnk enq Knnitor- Khjd rhlokd knnjtor+ bnmbtq,
qdms knnjtor sn PtHS drrdmsh_kkx enkknv sgd r_ld oqnbdctqd _r
hm _ A/,sqdd- Vd rs_qs eqnl sgd qnns mncd+ _bpthqhmf qd_c knbjr
nm dudqx mncd _knmf sgd _bbdrr o_sg- Q_mfd knnjtor rhlhk_qkx

;kfnqhsgl 29 Fq_mtk_q Knbj Bq_aahmf hm PtHS
0 lds_c_s_-vqhsdKnbj&(:
1 he idx vhsghm 𝑝𝑜ℓ𝑒 q_mfd sgdm
2 𝑝𝑜ℓ𝑒 -vqhsdKnbj&(:
3 he idx mns hm 𝑝𝑜ℓ𝑒 q_mfd sgdm 00 bgYmfd adenpd knbihmf

4 𝑝𝑜ℓ𝑒 -tmknbj&(:
5 noshlhrshb]sno]hmrdqs&(:
6 lds_c_s_-tmknbj&(:
7 he 𝑝𝑜ℓ𝑒 hr etkk sgdm
8 noshlhrshb]sno]hmrdqs&(:
0/ lds_c_s_-tmknbj&(:
00 dkrd
01 𝑓 𝑝]𝑠𝑖�𝑒 / /:
02 lds_c_s_-tmknbj&(:
03 𝑝𝑜ℓ𝑒 -hmrdqs&jdx+ u_ktd(:

04 𝑝𝑜ℓ𝑒 -tmknbj&(:
05 dkrd
06 lds_c_s_-tmknbj&(:
07 noshlhrshb]sno]hmrdqs&(:
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Ehftqd 0/9 PtHS ntsodqenqlr _kk A/,sqdd a_rdkhmdr enq _mx
cdfqdd ne c_s_ rnqsdcmdrr ctqhmf hmfdrshnm) vghkd hs ntsodq,
enqlr ;QS enq etkkx rnqsdc nq md_qkx rnqsdc c_s_-

nas_hm qd_c knbjr to sn sgd qrs kd_e mncd sg_s hr _bbdrrdc ax sgd
ptdqx _mc nm rtardptdms kd_e mncdr-

4 DWODQHLDMS;K DU;KT;SHNM
Vd mnv rgnv sgd admdsr ne PtHS ax bnlo_qhmf hs sn &h( _ sdws,
annj A/,sqdd &bk_rrhb_k A/,sqdd( sg_s nmkx odqenqlr sno,hmrdqsr+
&hh( _ A/,sqdd vhsg s_hk,kd_e noshlhy_shnm &s_hk,A/,sqdd( hmrohqdc ax
sgd rs_sd,ne,sgd,_qs cdrhfm hm OnrsfqdRPK Z27[+ &hhh( _ A/,sqdd vhsg
sgd k_rs,hmrdqshnm,kd_e noshlhy_shnm &ℓ𝑖ℓ,A/,sqdd(+ sgd @c_oshud
Q_chw Sqdd &@QS( Z2/[+ _mc sgd rs_sd,ne,sgd,_qs rnqsdcmdrr,_v_qd
hmcdw cdrhfm &RV@QD Z31[(- Vd sdrs trhmf ltkshokd bnmftq_,
shnmr+ u_qxhmf c_s_ rnqsdcmdrr _mc c_s_ rhyd+ rsqdrr,sdrshmf sgd
e_rs,o_sg- Ehm_kkx+ vd bnlo_qd vhsg _ etkk,ed_stqd A𝜖 ,sqdd _mc
KRL,sqdd+ _mc vd dwodqhldms vhsg qd_k,vnqkc rsnbj l_qjds c_s_-
Dwodqhldms_k Rdsto-Vd qtm dwodqhldmsr trhmf ntq hm,gntrd
rdqudq vhsg 017FA ne CCQ4 l_hm ldlnqx _s 37// LGy _mc _
0.8SA MULd RRC- Sgd rdqudq qtmr Qnbjx Khmtw &udqrhnm 8.2(
_mc hr dpthoodc vhsg svn rnbjdsr ne Hmsdk Wdnm Fnkc &5331𝑌 ( 1.5
FGy oqnbdrrnqr &13 bnqdr(+ d_bg rtoonqshmf 37 sgqd_cr- Vd qtm
dwodqhldmsr nm _ rhmfkd bnqd _mc dwsdmc sn ltkshokd bnqdr enq
bnmbtqqdms dwdbtshnm hm z4-2-
Hmcdw Cdrhfm _mc Cde_tks Rdsto-Vd trd _m hm,ldlnqx hl,
okdldms_shnm ne sgd A/,sqdd &hmrohqdc ax rs_sd,ne,sgd,_qs Z7[(+
_mc hlokdldms s_hk+ ℓ𝑖ℓ + _mc 𝑝𝑜ℓ𝑒 noshlhy_shnmr nm sghr ok_s,
enql- Vd _krn hlokdldms PtHS nm sgd r_ld ok_senql sg_s hm,
bktcdr ed_stqdr rtbg _r sgd u_qh_akd,rokhs+ qdchrsqhatsd+ _mc qd,
rds rsq_sdfhdr- Vd trd sgd r_ld A/,sqdd hlokdldms_shnm _r sgd
tmcdqkxhmf hmcdw vgdm bnlo_qhmf vhsg sgd RV@QD o_q_chfl
ax dwsdmchmf sgd @OH sn rtoonqs atkj kn_chmf- Enq sgd RV@QD
atdq+ vd cdoknx sgd nodm,rntqbdc bncd Z32[ nts,ne,sgd,anw _mc
cde_tks sn _ atdq rhyd dpthu_kdms sn 0# ne sgd sns_k c_s_ rhyd
&r_ld rdsshmf _r sgd RV@QD o_odq Z31[(- Sgd cde_tks dmsqx rhyd
hm _kk ntq dwodqhldmsr hr 7A &vhsg 3A jdxr(+ _mc vd trd _ 3JA
o_fd rhyd sg_s sr to sn 40/ dmsqhdr hm sgd kd_e mncdr- Vd rds
𝑇𝑅 = ⌊

√
𝑙𝑒𝑎𝑓𝑐𝑎𝑝𝑎𝑐𝑖𝑡𝑦⌋ = ⌊

√
40/⌋ = 11 sn sqhffdq _ qdrds ne sgd

𝑝𝑜ℓ𝑒 e_rs,o_sg hm PtHS- Vd l_jd ntq bncd _u_hk_akd nm FhsGta
_s gssor9..fhsgta-bnl.AT,ChRB.pthbj,hmrdqshnm,sqdd-
Vnqikn_cr- Sn du_kt_sd PtHS vhsg u_qxhmf cdfqddr ne rnqsdc,
mdrr+ vd trd sgd vnqjkn_c fdmdq_snq eqnl sgd Admbgl_qj nm
C_s_ Rnqsdcmdrr &AnCR( Z30[- AnCR trdr sgd 𝐾�𝐿 rnqsdcmdrr lds,
qhb sn bqd_sd _ e_lhkx ne chdqdmskx rnqsdc c_s_ bnkkdbshnmr- Sgd
fdmdq_snq s_jdr _r _qftldmsr &h( sgd mtladq ne dmsqhdr &𝑁 ( sn
hmfdrs+ &hh( sgd mtladq ne tmnqcdqdc dmsqhdr &𝐾 ( _mc sgd l_whltl
chrok_bdldms &𝐿( ansg _r _ eq_bshnm ne 𝑁 + &hhh( sgd chrsqhatshnm ne
c_s_ rnqsdcmdrr (�. 𝛽(+ _mc &hu( _ rddc u_ktd-
Cde_tks Vnqikn_c- Enq ntq dwodqhldmsr+ vd rds 𝑁=4//L sn
fdmdq_sd c_s_rdsr ne rhyd 3FA- Sgd rjdv,o_q_ldsdqr � _mc 𝛽
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Ehftqd 009 Bnlo_qhmf eq_bshnm ne e_rs,hmrdqshnmr ℓ𝑖ℓ,A/,sqdd
_mc PtHS vgdm u_qxhmf c_s_ rnqsdcmdrr hm sgd hmfdrshnm
vnqikn_c9 %_( ℓ𝑖ℓ odqenqlr adrs vhsg ghfg c_s_ rnqsdcmdrr:
%a( PtHS l_whlhydr e_rs hmrdqsr vgdm bnlo_qdc sn ℓ𝑖ℓ -

_qd rds sn 0 sn tmhenqlkx chrsqhatsd sgd tmnqcdqdc dmsqhdr- Ntq
ptdqx vnqjkn_cr &dwdbtsdc onrs c_s_ hmfdrshnm( bnms_hm 4L &0#
ne sns_k c_s_ rhyd( onhms knnjtor sg_s _qd fdmdq_sdc tmhenqlkx
_mc q_mcnlkx nm dwhrshmf jdxr hm sgd hmcdw- Etqsgdq+ ntq ptdqx
vnqjkn_cr _krn bnms_hm 0/// q_mfd knnjtor sg_s _qd fdmdq_sdc enq
q_mcnl q_mfdr hm sgd jdx cnl_hm vhsg sgqdd kdudkr ne rdkdbshuhsx9
/.0#+ 0#+ _mc 0/#-

4-0 Admdsr ne Pthbi Hmrdqshnm Sqdd
Vd qrs cdlnmrsq_sd sgd admdsr ne PtHS _f_hmrs sgqdd a_rdkhmdr
ö bk_rrhb_k A/,sqdd+ s_hk,A/,sqdd+ ℓ𝑖ℓ,A/,sqdd+ _mc @QS enq hmfdr,
shnm odqenql_mbd- Vd _krn bnlo_qd PtHS _f_hmrs nsgdq A/,sqdd
a_rdkhmdr enq ldlnqx tshkhy_shnm _mc ptdqx odqenql_mbd- Hm sgdrd
dwodqhldmsr+ vd u_qx sgd nts,ne,nqcdq dmsqhdr &𝐾 ( hm sgd c_s_ bnk,
kdbshnm vghkd rdsshmf sgdhq l_whltl chrok_bdldms &𝐿( sn 0//#+
_mc bnlohkd _kk hmcdwdr vhsg sgd /Nw noshlhy_shnm dm_akdc-
PtHS Ntsodqenqlr sgd Rs_sd ne sgd ;qs _mc ℓ𝑖ℓ,A/,sqdd- Ehf,
tqd 0/ rgnvr sgd hmfdrshnm sgqntfgots &x,_whr( ctqhmf hmfdrshnm
enq sgd A/,sqdd+ s_hk,A/,sqdd+ ℓ𝑖ℓ,A/,sqdd+ _mc PtHS vgdm u_qx,
hmf c_s_ rnqsdcmdrr &w,_whr(- PtHS rhfmhb_mskx ntsodqenqlr sgd
s_hk,A/,sqdd _mc sgd bk_rrhb_k A/,sqdd hm sdqlr ne hmfdrshnm odq,
enql_mbd- Enq etkkx rnqsdc c_s_+ PtHS+ ℓ𝑖ℓ,A/,sqdd _mc s_hk,A/,
sqdd ndq ≈ 2· adssdq odqenql_mbd sg_m _ bk_rrhb_k A/,sqdd+ _r
dmsqhdr _qd chqdbskx hmrdqsdc sn sgd s_hk kd_e trhmf sgd e_rs,o_sg
noshlhy_shnm+ q_sgdq sg_m odqenqlhmf sqdd sq_udqr_kr- Gnvdudq+
sgd odqenql_mbd ne sgd s_hk,A/,sqdd cdfq_cdr udqx pthbjkx _r sgd
c_s_ adbnldr dudm rkhfgskx tmrnqsdc+ l_jhmf hs bnlo_q_akd sn
sg_s ne _ bk_rrhb_k A/,sqdd- PtHS+ nm sgd nsgdq g_mc+ dwoknhsr _mx
hmgdqdms c_s_ rnqsdcmdrr _mc ndqr to sn ≈ 1.2· adssdq sgqntfg,
ots enq md_q,rnqsdc c_s_ &𝐾 � 14#(- Dudm enq kdrr,rnqsdc c_s_
&𝐾=14#(+ PtHS hr rshkk 0.12· adssdq sg_m ansg sgd bk_rrhb_k A/,sqdd
_mc s_hk,A/,sqdd+ _r ansg sgd a_rdkhmdr _kv_xr odqenql sno,hmrdqsr+
_bbtltk_shmf _ qdctmc_ms hmcdwhmf bnrs- Sgd s_hk,A/,sqdd odq,
enqlr adssdq sg_m sgd bk_rrhb_k A/,sqdd nmkx vhsg etkkx rnqsdc
c_s_ ax _kknvhmf e_rs,o_sg hmfdrshnm sn sgd qhfgs,lnrs kd_e mncd
hm sgd hmcdw- Sghr e_rs,o_sg+ gnvdudq+ adbnldr rs_kd vhsg dudm
md_q,rnqsdc c_s_ &𝐾 ≥ 0#(+ kd_chmf sn odqenql_mbd cdfq_c_shnm
_r hsr vhmcnv sn b_ostqd tmnqcdqdcmdrr hm sgd c_s_ hr snn m_q,
qnv &khlhsdc sn sgd s_hk,kd_e–r q_mfd(- Ld_mvghkd+ PtHS b_qdetkkx
_c_osr hsr e_rs,o_sg &h-d-+ 𝑝𝑜ℓ𝑒( sn sgd c_s_ rnqsdcmdrr+ sgdqdax+
cdkhudqhmf adssdq odqenql_mbd-

Vd _krn nardqud sg_s PtHS odqenqlr to sn 03# adssdq ctqhmf
hmfdrshnm sg_m sgd ℓ𝑖ℓ,A/,sqdd- Sgd ℓ𝑖ℓ noshlhy_shnm hr rhlokd _mc
ddbshud hm hloqnuhmf hmfdrshnm odqenql_mbd nudq _ s_hk,A/,sqdd-
Tmkhjd ℓ𝑖ℓ sg_s o_xr _m _cchshnm_k odm_ksx &_r chrbtrrdc hm z2(+
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Ehftqd 019 %_( U_qh_akd rokhs e_bsnq hm PtHS _kknvr enq ghfgdq nbbto_mbx hm sgd kd_e mncdr: %a( Onhms knnitor cn mns hmbtq _mx
qd_c nudqgd_c: %b( Q_mfd ptdqhdr _qd e_rsdq _r sgdx _bbdrr edvdq mncdr ctqhmf knnitor-

PtHS qdctbdr sgd rs_mc_qc hmcdw sq_udqr_kr sn nmkx _r l_mx _r sgd
mtladq ne nts,ne,nqcdq dmsqhdr ctqhmf hmfdrshnm- Sghr+ bntokdc
vhsg hloqnudc b_bghmf ddbsr ctd sn _ lnqd bnlo_bs rsqtbstqd
qdrtksr hm _ adssdq odqenql_mbd sg_m sgd ℓ𝑖ℓ,A/,sqdd-
Lnqd E_rs,Hmrdqshnmr Qdrtks hm Hloqnudc Odqenql_mbd- Sgd
hloqnudc hmfdrshnm odqenql_mbd ne PtHS hr chqdbskx bnqqdk_sdc
sn sgd hmbqd_rd hm e_rs,hmrdqshnmr odqenqldc ax _c_oshmf sn c_s_
rnqsdcmdrr+ _r rgnvm hm Ehftqd 00_ _mc Ehftqd 00a- PtHS odq,
enqlr _ooqnwhl_sdkx nmkx _r l_mx sno,hmrdqsr _r sgdqd _qd nts,ne,
nqcdq dmsqhdr hm sgd hmfdrshnm vnqjkn_c+ udqx bknrdkx qdrdlakhmf
sgd hcd_k rnqsdcmdrr,_v_qd adg_uhnq- Sghr admds hr oqnmntmbdc
vgdm hmfdrshnm md_q,rnqsdc _mc kdrr,rnqsdc c_s_+ _r PtHS _bghdudr
to sn 0.7· lnqd e_rs,hmrdqshnmr enq sgd r_ld hmfdrshnm vnqjkn_c
sg_m sgd ℓ𝑖ℓ,A/,sqdd- Sghr hr adb_trd ℓ𝑖ℓ d_fdqkx toc_sdr hsr e_rs,
o_sg _bbdrr onhmsdq a_rdc nm sgd k_rs hmrdqshnm sn sgd hmcdw &dudm
ctqhmf rs_mc_qc hmfdrshnm nq sno,hmrdqsr(- Ld_mvghkd+ PtHS g_r
_ lnqd qnatrs l_hmsdm_mbd rbgdld sg_s tshkhydr 𝑝𝑜ℓ𝑒 _r vdkk _r
hsr qdrds rsq_sdfhdr sg_s gdko ddbshudkx _mc dbhdmskx oqdchbs sgd
e_rs,o_sg sn hmrdqshmf sgd c_s_-
PtHS Ntsodqenqlr ;QS enq Ghfg C_s_ Rnqsdcmdrr- Ehftqd 0/
_krn rgnvr sg_s PtHS ntsodqenqlr @QS ax to sn 0.42·- PtHS
admdsr eqnl hsr _ahkhsx sn _unhc sqdd sq_udqr_kr enq vnqjkn_cr
g_uhmf ghfg rnqsdcmdrr+ chqdbshmf hmfdrshnm chqdbskx sn sgd kd_e
kdudk- Nm sgd nsgdq g_mc+ hmrdqshnmr hm @QS rshkk sq_udqrd sgd
sqdd- @r c_s_ rnqsdcmdrr cdbqd_rdr+ PtHS–r odqenql_mbd lnudr
bknrdq sn sgd A/,sqdd+ _mc @QS odqenqlr to sn 1· adssdq+ _r sqdd
sq_udqr_kr ne _ A/,sqdd,a_rdc hmcdw &hmbktchmf PtHS( _qd lnqd
dwodmrhud sg_m sgnrd ne @QS- Vghkd @QS odqenqlr adssdq enq
vnqjkn_cr vhsg knvdq cdfqddr ne rnqsdcmdrr ctqhmf hmfdrshnm+ hs
hr mns _ cqno,hm qdok_bdldms enq A/,sqddr adb_trd hs cndr mns e_unq
dbhdms q_mfd ptdqhdr ctd sn sgd k_bj ne onhmsdqr adsvddm kd_e
mncdr- Sghr qdrtksr hm lnqd sqdd sq_udqr_kr ctqhmf _ q_mfd knnjto+
_r noonrdc sn _ A/,sqdd &nq PtHS(- PtHS+ hm stqm+ b_m _bs _r _ cqno,
hm qdok_bdldms enq A/,sqddr+ _r hs odqenqlr rhfmhb_mskx adssdq
ctqhmf hmfdrshnm vhsgnts _cchmf _mx nudqgd_c ctqhmf onhms nq
q_mfd knnjtor- Mnsd sg_s ntq fn_k v_r mns sn ntsodqenql oqhnq
cdrhfmr enq _kk trd b_rdr ats q_sgdq sn bqd_sd _ rnqsdcmdrr,_v_qd
cqno,hm qdok_bdldms enq A/,sqdd- Dwsdmchmf nsgdq c_s_ rsqtbstqdr+
hmbktchmf @QS+ sn ad rnqsdcmdrr,_v_qd hr kdes _r etstqd vnqj-
PtHS Hloqnudr sgd Nudq_kk Ldlnqx Tshkhy_shnm- Sgd GJQ,
a_rdc u_qh_akd mncd rokhs rsq_sdfx hm PtHS hr bqtbh_k sn qdctbd

S_akd 09 Ro_bd qdctbshnm ne PtHS nudq _kk A/,sqdd a_rdkhmdr-
ℓ𝑖ℓ,A/,sqdd _mc s_hk,A/,sqdd _qd nlhssdc adb_trd sgdx g_ud
sgd r_ld ldlnqx ennsoqhms _r sgd a_rhb A/,sqdd-

Hmcdw # tmnqcdqdc dmsqhdr
/# 0# 2# 4# 0/# 14# 4/# 0//#

PtHS 0.85· 0.4· 0.30· 0.21· 0.05· 0./8· 0./0· 0·

sgd nudq_kk ldlnqx ennsoqhms- S_akd 0 bnlo_qdr sgd mnql_khydc
ldlnqx ennsoqhms ne sgd hmcdwdr+ vgdqd knvdq hr adssdq-

Sgd ldlnqx tshkhy_shnm ne sgd s_hk,A/,sqdd _mc sgd ℓ𝑖ℓ,A/,sqdd
hr hcdmshb_k sn sg_s ne bk_rrhb_k A/,sqdd+ _r sgdx _kk rokhs _ etkk
mncd hm g_ke- Vd nardqud sg_s PtHS–r ldlnqx ennsoqhms hr to sn
0.85· rl_kkdq ctd sn adssdq ro_bd tshkhy_shnm nm sgd kd_e mncdr+ _r
rgnvm hm Ehftqd 01_- Gdqd+ vd u_qx sgd c_s_ rnqsdcmdrr nm sgd
w,_whr _mc rgnv sgd _udq_fd kd_e mncd nbbto_mbx &h-d-+ � dmsqhdr
hm _ kd_e mncd( _r _ eq_bshnm ne sgd kd_e b_o_bhsx nm sgd x,_whr-
Sgd vnqrs,b_rd ro_bd tshkhy_shnm enq sgd bk_rrhb_k A/,sqdd &_mc
bnmrdptdmskx+ _kk nsgdq a_rdkhmdr( nbbtqr vgdm hmfdrshmf etkkx
rnqsdc c_s_+ _r dudqx mncd hr nmkx g_ke etkk ctd sn qhfgs,cddo
hmrdqshnmr- PtHS _kkduh_sdr sghr ldlnqx nudqgd_c ax u_qh_akd
rokhsshmf fthcdc ax GJQ- Vhsg md_q,rnqsdc c_s_ &0#•𝐾•0/#(+ sgd
_udq_fd kd_e nbbto_mbx ne sgd bk_rrhb_k A/,sqdd hr adsvddm 40,43#+
vghkd PtHS ndqr _m _udq_fd kd_e nbbto_mbx adsvddm 51,63#-
Sgd u_qh_akd rokhs rsq_sdfx hm PtHS _kknvr enq shfgskx o_bjhmf sgd
kd_e mncdr sg_s qdbdhud nqcdqdc hmrdqsr sgqntfg sgd 𝑝𝑜ℓ𝑒 - Etqsgdq+
qdchrsqhatshnm _krn hmbqd_rdr kd_e nbbto_mbx vgdm 𝑝𝑜ℓ𝑒Woqdu hr
kdrr sg_m g_ke etkk+ tshkhyhmf oqduhntrkx tmtrdc ro_bd- Enq kdrr
rnqsdc nq etkkx rbq_lakdc c_s_+ PtHS hr _akd sn l_sbg sgd kd_e
nbbto_mbx ne sgd bk_rrhb_k A/,sqdd-
PtHS Cndr Mns Hmbtq ;mx Nudqgd_c Enq Onhms Knnitor-
PtHS odqenqlr dw_bskx _r l_mx _bbdrrdr ctqhmf onhms knnjtor
_r _ bk_rrhb_k A/,sqdd+ _r sgd knnjto _kfnqhsglr _qd hcdmshb_k-
Gdmbd+ PtHS cndr mns hmbtq _mx nudqgd_c enq onhms knnjtor-
Eqnl Ehftqd 01a+ vd nardqud sg_s onhms knnjtor hm PtHS b_m hm
e_bs+ ad rkhfgskx e_rsdq &≈ 1# nm _udq_fd( _r sgd sqdd hr rl_kkdq
ctd sn adssdq ro_bd tshkhy_shnm- Sghr qdrtksr hm sgd nudq_kk rhyd ne
sgd hmcdw mncdr hm PtHS adhmf rl_kkdq sg_m sgd rxrsdl–r b_bgd+
ddbshudkx kd_chmf sn _ l_qfhm_k odqenql_mbd hloqnudldmsr-
PtHS hr E_rsdq enq Q_mfd Knnitor- Q_mfd knnjtor _qd e_rsdq
hm PtHS+ _r rgnvm hm Ehftqd 01b+ vgdm hmfdrshmf md_q,rnqsdc c_s_-
Vd nardqud sg_s q_mfd ptdqhdr _bbdrr to sn 1· edvdq kd_e mncdr
&≈ 0.2· nm _udq_fd( bnlo_qdc sn sgd A/,sqdd vgdm sgd hmfdrsdc
c_s_ g_r ghfg rnqsdcmdrr &𝐾•0/#(- Sghr admds fq_ct_kkx cdbkhmdr
_r rnqsdcmdrr cdbqd_rdr rhmbd ro_bd tshkhy_shnm hm A/,sqdd _krn
hloqnudr- Gnvdudq+ dudm vhsg knv c_s_ rnqsdcmdrr &𝐾 ≥ 14#(+
q_mfd knnjtor hm PtHS _bbdrr 0.04· edvdq kd_e mncdr sg_m sgd
A/,sqdd+ chqdbskx bnqqdk_shmf sn hloqnudc odqenql_mbd- Nudq_kk+
PtHS admdsr eqnl sgd u_qh_akd rokhs _mc qdchrsqhatsd rsq_sdfhdr
sg_s shfgskx o_bj sgd kd_e mncdr+ vgdqd_r+ sgd A/,sqdd dwodqhdmbdr
hsr vnqrs,b_rd ro_bd _lokhb_shnm vgdm hmfdrshmf c_s_ vhsg _
ghfg cdfqdd ne rnqsdcmdrr-

4-1 Rdmrhshuhsx ;m_kxrhr
Vd mnv u_qx rdudq_k _rodbsr ne sgd vnqjkn_c+ o_qshbtk_qkx sgd
c_s_ rhyd+ _mc chdqdms rdptdmbdr ne hmrdqshnmr sg_s rsqdrr sdrs
e_rs,o_sg hmfdrshnm hm sgd Pthbj Hmrdqshnm Sqdd-
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Ehftqd 029 Rsqdrr sdrshmf sgd E_rs,o_sg noshlhy_shnmr tmcdq
vnqikn_cr vhsg u_qxhmf cdmrhshdr ne c_s_ rnqsdcmdrr9 %_(
_ vnqikn_c sg_s u_qhdr rnqsdcmdrr cdmrhsx ax _ksdqm_shmf
adsvddm md_q,rnqsdc _mc rbq_lakdc c_s_ hm ch’dqdms c_s_
rdfldmsr: %a( odqenql_mbd ne s_hk) ℓ𝑖ℓ ) _mc 𝑝𝑜ℓ𝑒 noshlhy_,
shnmr hm A/,sqddr vgdm bnlo_qhmf e_rs,hmrdqshnmr hm PtHS-

2-1-. Palrhshthsv 5lTivrhr nl ATsT Phya- Mdws+ vd _m_kxyd sgd
rb_k_ahkhsx ne PtHS ax hmbqd_rhmf sgd mtladq ne dmsqhdr hmfdrsdc
hmsn sgd hmcdw eqnl 4/L sn 3A &rb_khmf sgd c_s_ rhyd eqnl 3/LA
sn 21FA(- Vd ohbj b_mchc_sd c_s_ bnkkdbshnmr qddbshmf sgqdd
cdfqddr ne c_s_ rnqsdcmdrr , &h( etkkx rnqsdc c_s_ &𝐾=/#(+ &hh( md_qkx,
rnqsdc c_s_ &𝐾=𝐿=4#( sg_s g_r _ rhyd_akd eq_bshnm ne nts,ne,nqcdq
dmsqhdr+ _mc &hhh( kdrr rnqsdc c_s_ &𝐾=𝐿=14#( sg_s g_r rhfmhb_mskx
l_mx nts,ne,nqcdq dmsqhdr- S_akd 1 rtll_qhydr ntq qdrtksr vgdm
bnlo_qdc sn sgd bk_rrhb_k A/,sqdd- Vd nardqud sg_s PtHS–r _ahkhsx
sn tshkhyd hsr e_rs,o_sg _mc dwoknhs rnqsdcmdrr hm sgd hmfdrsdc
vnqjkn_c qdl_hmr tm_dbsdc _r sgd c_s_ rhyd fqnvr- Sgd nardqudc
eq_bshnm ne e_rs,hmrdqsr hr 0//# enq etkkx rnqsdc c_s_+ ≈ 84# enq
md_qkx,rnqsdc c_s_+ _mc ≈ 64# enq kdrr rnqsdc c_s_- Sghr _khfmr
vhsg sgd dwodbsdc noshl_k odqenql_mbd enq _ rnqsdcmdrr,_v_qd
hmcdw eqnl Ehftqd 6a- Sgd roddcto ctqhmf hmfdrshnm+ gnvdudq+ hr
rkhfgskx _lokhdc vgdm rb_khmf sgd c_s_ rhyd rhmbd sgd mtladq ne
kdudkr hm sgd sqdd fqnvr- Rb_khmf c_s_ rhyd qdrtksr hm knmfdq sqdd
sq_udqr_kr _mc+ sgdqdenqd+ _m hmbqd_rd hm hmcdwhmf bnrs &sno,hmrdqs(
_mc l_hmsdm_mbd- PtHS bnmshmtdr sn dloknx e_rs,o_sg hmrdqshnmr
dm_akdc ax 𝑝𝑜ℓ𝑒 + ndqhmf _m _lnqshydc hmcdwhmf bnrs- Nudq_kk+
PtHS hr _s kd_rs 1· e_rsdq sg_m A/,sqdd vgdm hmfdrshmf vnqjkn_cr
g_uhmf md_q,rnqsdc c_s_-

2-1-1 Psoarr Sarshle sga DTrs�FTsg- Vd mnv dwoknqd sgd odqenq,
l_mbd ne sgd e_rs,o_sg noshlhy_shnmr hm s_hk,A/,sqdd+ ℓ𝑖ℓ,A/,sqdd+
_mc 𝑝𝑜ℓ𝑒,A/,sqdd &h-d-+ PtHS vhsgnts u_qh_akd rokhs+ qdchrsqhatsd+
_mc qdrds rsq_sdfhdr(+ _knmf vhsg sgd etkk cdrhfm ne PtHS enq vnqj,
kn_cr sg_s _ksdqm_sd adsvddm md_q,rnqsdc _mc etkkx rbq_lakdc- Vd
_mshbho_sd sg_s rtbg _ vnqjkn_c vhkk ad g_qcdq sn oqdchbs _mc trd
hs sn rsqdrr,sdrs _kk e_rs,o_sg noshlhy_shnmr _mc GJQ- Vd hmfdrs hmsn
d_bg hmcdw 14L dmsqhdr chuhcdc hmsn 4 rdfldmsr &ne 4L dmsqhdr(+

S_akd 19 PtHS rb_kdr vhsg c_s_ rhyd-

Rnqsdcmdrr Ldsqhb C_s_ Rhyd &FA(
/.3 1 3 7 05 21

etkkx rnqsdc Roddcto 2.02· 2.08· 2.12· 2.14· 2.16· 2.20·
# e_rs,hmrdqsr 0//# 0//# 0//# 0//# 0//# 0//#

md_qkx rnqsdc Roddcto 1.32· 1.41· 1.45· 1.46· 1.50· 1.66·
# e_rs,hmrdqsr 84.1# 84.1# 84.1# 84.1# 84.1# 84.1#

kdrr rnqsdc Roddcto 0.20· 0.21· 0.22· 0.23· 0.24· 0.24·
# e_rs,hmrdqsr 63.5# 63.5# 65.3# 63.5# 63.5# 63.5#
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Ehftqd 039 PtHS odqenqlr adssdq sg_m sgd a_rdkhmd A/,sqdd)
_mc sgd rs_sd,ne,sgd,_qs cdrhfm hm NoshPK enq ghfg c_s_
rnqsdcmdrr) tmcdq bnmbtqqdms hmrdqshnmr hmsn sgd hmcdw-

_ksdqm_shmf adsvddm md_q,rnqsdc c_s_ &𝐾=0/#( nq rbq_lakdc c_s_
&𝐾=0//#(+ vghkd vd cde_tks 𝐿 sn 0//#- Vd uhrt_khyd sghr vnqj,
kn_c trhmf sgd onrhshnm &w,_whr( _mc sgd u_ktd &x,_whr( ne sgd jdxr
hmrdqsdc hm Ehftqd 02_-

Ehftqd 02a rgnvr sgd mtladq ne dmsqhdr hmfdrsdc sn sgd hmcdw
trhmf sgd e_rs o_sg &nm x,_whr( _s chdqdms rm_orgnsr nm sgd w,_whr
&h-d-+ nmd enq d_bg rdfldms(- Mnsd sg_s _ _s khmd hm _mx rdfldms
hlokhdr sg_s sgd hmcdw odqenqldc nmkx sno,hmrdqsr- Vd nardqud
sg_s sgd s_hk,A/,sqdd udqx pthbjkx qd_bgdr sgd rs_kd rs_sd _mc
e_hkr sn odqenql e_rs,o_sg hmrdqshnm _r rnnm _r sgd c_s_ adbnldr
dudm rkhfgskx tmnqcdqdc- Sgd ℓ𝑖ℓ,A/,sqdd bnmshmtdr sn odqenql
e_rs,o_sg hmrdqshnm vgdm sgd c_s_ hr md_qkx rnqsdc+ vghkd nmkx odq,
enqlhmf sno,hmrdqsr enq sgd rbq_lakdc c_s_ rdfldmsr- Ld_mvghkd+
sgd 𝑝𝑜ℓ𝑒,A/,sqdd l_qfhm_kkx ntsodqenqlr sgd ℓ𝑖ℓ,A/,sqdd hm sgd
qrs md_q,rnqsdc c_s_ rdfldms+ _mc rtardptdmskx+ nmkx odqenqlr
sno,hmrdqsr enq sgd qdl_hmhmf vnqjkn_c- Sghr hr adb_trd 𝑝𝑜ℓ𝑒 hr
sq_oodc hm _ rs_kd rs_sd _esdq sgd qrs rbq_lakdc rdfldms ne c_s_
&adsvddm jdxr 4L _mc 0/L(- PtHS _ccqdrrdr sgd khlhs_shnmr ne
𝑝𝑜ℓ𝑒 _mc qdbnudqr eqnl sghr rs_kd rs_sd vhsg sgd gdko ne hsr qd,
rds rsq_sdfx &cdrbqhadc hm z3-2(+ _kknvhmf bnmshmtdc trd ne sgd
e_rs,o_sg vgdm hmrdqshmf md_q,rnqsdc c_s_- @ qnatrs e_rs,o_sg
hmfdrshnm rsq_sdfx &khjd 𝑝𝑜ℓ𝑒( bntokdc vhsg sgd qdrds rsq_sdfx
gdkor PtHS ntsodqenql ℓ𝑖ℓ,A/,sqdd ax odqenqlhmf ≈ 00# lnqd
e_rs,o_sg hmrdqshnmr-

4-2 PtHS tmcdq Bnmbtqqdms Dwdbtshnm
Vd mnv admbgl_qj PtHS _mc bnlo_qd hs vhsg sgd bk_rrhb_k A/,
sqdd _r vd g_ud lnqd sgqd_cr bnmbtqqdmskx trhmf sgd svn hmcdwdr-
Vd _krn bnlo_qd PtHS vhsg sgd rs_sd,ne,sgd,_qs noshlhrshb knbj,
hmf cdrhfm hm NoshPK Z35[- Gdqd+ vd trd noshlhrshb knbj bntokhmf
enq A/,sqdd+ vghkd vd dloknx sgd knbjhmf oqnsnbnk cdrbqhadc hm
z3-4 enq PtHS- Vd dwodqhldms vhsg etkkx rnqsdc c_s_ &𝐾 = /#(+
md_q,rnqsdc c_s_ &𝐾 = 4#(+ _mc kdrr,rnqsdc c_s_ &𝐾 = 14#(+ bnm,
s_hmhmf 4//L dmsqhdr &7A jdxr _mc 7A u_ktdr(-
PtHS Rb_kdr Adssdq Sg_m A/,sqdd enq Hmrdqsr- Hmfdrshmf c_s_
vhsg _ ghfg cdfqdd ne rnqsdcmdrr trhmf ltkshokd sgqd_cr hr dw,
odbsdc sn qdrtks hm ghfg bnmsdmshnm adb_trd lnrs hmrdqshnmr s_qfds
sgd r_ld kd_e mncd- @r _ qdrtks+ bnmbtqqdmskx hmrdqshmf vhsg ltk,
shokd sgqd_cr gtqsr hmfdrshnm odqenql_mbd enq ansg A/,sqdd _mc
PtHS- Gnvdudq+ fq_mtk_q bq_aahmf enq PtHS kd_cr sn _ rgnqsdq
bqhshb_k rdbshnm+ _r vd _ssdlos sn knbj sgd 𝑝𝑜ℓ𝑒,mncd nmkx vgdm
sgd rodbhb hmrdqs trdr sgd e_rs o_sg- Ehftqd 03 bnqqnanq_sdr ntq
dwodbs_shnmr+ rgnvhmf sg_s ansg hmcdwdr e_bd bnmsdmshnm _r vd
hmbqd_rd sgd mtladq ne sgqd_cr- Nudq_kk+ PtHS ndqr to sn ≈ 1·
ghfgdq sgqntfgots sg_m A/,sqdd-
PtHS Rb_kdr Rhlhk_q sn NoshPK- Ehftqd 03 etqsgdq rgnvr sg_s
PtHS ntsodqenqlr sgd rs_sd,ne,sgd,_qs noshlhrshb knbj bntokhmf
cdrhfm trdc hm NoshPK Z35[ vgdm hmfdrshmf c_s_ vhsg _ ghfg
cdfqdd ne rnqsdcmdrr enq edvdq sg_m entq sgqd_cr vghkd g_uhmf
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Ehftqd 049 Bnmbtqqdms Qd_cr enq ansg A/,sqdd _mc PtHS
g_ud rhlhk_q odqenql_mbd-

rhlhk_q odqenql_mbd enq entq nq lnqd sgqd_cr- Mnsd sg_s hm sgd No,
shPK _m_kxrhr Z35[+ sgd _tsgnqr nardqud sg_s odqenql_mbd rb_kdr
khmd_qkx _r sgd mtladq ne sgqd_cr hmbqd_rdr- Gnvdudq+ sghr dwodq,
hldms s_qfdsr toc_sdr sg_s uhqst_kkx mdudq _ksdq sgd rsqtbstqd ne
sgd sqdd _mc+ sgtr+ q_qdkx s_jd dwbktrhud knbjr enq mnm,kd_e mncdr-
Nm sgd nsgdq g_mc+ sgd hmrdqs,gd_ux dwodqhldmsr vd bnmctbs
rhfmhb_mskx _ksdq sgd rsqtbstqd ne sgd sqdd _mc mddc sn _bpthqd
dwbktrhud knbjr vgdm rokhsshmf hmsdqm_k mncdr- @r _ qdrtks+ knbj
bntokhmf _ooqn_bgdr khjd sgd nmdr dloknxdc ax NoshPK _mc PtHS
g_ud knmf bqhshb_k rdbshnmr sg_s gtqs rb_k_ahkhsx vgdm hmfdrshmf
c_s_ vhsg _ ghfg cdfqdd ne rnqsdcmdrr-
PtHS Rb_kdr Rhlhk_q sn A/,sqdd enq Qd_cr- @r dwodbsdc+ qd_c
ptdqhdr hm ansg sqddr adg_ud udqx rhlhk_qkx rhmbd PtHS–r qd_c
o_sg hr drrdmsh_kkx sgd r_ld _r sgd nmd ne sgd bk_rrhb_k A/,sqdd-
Ehftqd 04 rgnvr sg_s ansg sqddr rb_kd _klnrs odqedbskx tmshk 7
sgqd_cr+ vghkd sgd rb_khmf rknvr cnvm enq 05 sgqd_cr _mc adxnmc-

4-3 Bnlo_qhmf vhsg RV;QD
Vd mnv bnlo_qd PtHS vhsg R@,A/,sqdd Z3/[+ sgd rs_sd,ne,sgd,_qs
rnqsdcmdrr,_v_qd hmcdw sg_s dloknxr sgd RV@QD cdrhfm- Vd
hmfdrs 4//L dmsqhdr &3FA( hmsn ansg hmcdwdr _mc ld_rtqd sgd
sgqntfgots ctqhmf hmrdqshnmr _mc 4L q_mcnl onhms knnjtor
&dwhrshmf(+ vgdm u_qxhmf sgd eq_bshnm ne nts,ne,nqcdq dmsqhdr hm
sgd c_s_ bnkkdbshnm &cde_tkshmf 𝐿=0//#(- Mnsd sg_s vd tshkhyd _
lnqd noshlhydc A/,sqdd &_krn trdc hm PtHS( sg_m sgd nmd oqnuhcdc
vhsg sgd RV@QD bncda_rd Z32[ _r sgd tmcdqkxhmf sqdd hmcdw hm
sgd R@,A/,sqdd- RV@QD nqhfhm_kkx o_bjr _ A𝜖 ,sqdd Z5[ sg_s _krn
etmbshnmr _r _ A/,sqdd vgdm _ooqnoqh_sdkx stmdc- Sghr+ gnvdudq+
hmsqnctbdr nqsgnfnm_k bnlokdwhshdr _mc nudqgd_cr sg_s vd _unhc
hm ntq A/,sqdd oqnsnsxod- Vd bnlohkd ansg sgd hmcdw cdrhfmr vhsg
sgd /Nw noshlhy_shnm dm_akdc-
PtHS Ntsodqenqlr RV;QD Ctqhmf Hmfdrshnm- Ehftqd 05_
rgnvr sg_s PtHS ndqr rhfmhb_mskx adssdq sgqntfgots sg_m sgd
R@,A/,sqdd enq _mx c_s_ rnqsdcmdrr- Dudm vgdm hmfdrshmf etkkx
rnqsdc c_s_+ PtHS ndqr _ 05# hloqnudldms nudq sgd R@,A/,
sqdd+ _r dudqx hmrdqs b_m ad chqdbskx _oodmcdc sn sgd e_rs,o_sg
mncd &𝑝𝑜ℓ𝑒(- Cdrohsd R@,A/,sqdd odqenqlhmf noonqstmhrshb atkj
kn_chmf nm,sgd,x+ hs rshkk o_xr _ bnrs sn hmcdw sgd c_s_ hm sgd
atdq sgqntfg svn kdudkr ne Aknnl ksdqr &sgd fkna_k _mc odq,o_fd
Aknnl ksdqr( _mc sgd Ynmdl_or+ hm _cchshnm sn bnrsr _rrnbh_sdc
vhsg c_s_ lnudldms hm sgd atdq _esdq dudqx trg nodq_shnm-
Khjdvhrd+ vgdm hmfdrshmf md_q,rnqsdc c_s_ &𝐾•0/#(+ PtHS hr _s
kd_rs 0.44· &_mc 0.75· nm _udq_fd( adssdq sg_m R@,A/,sqdd ctqhmf
hmfdrshnm- Sgd _cchshnm_k bnrsr hmbtqqdc ax sgd R@,A/,sqdd sn
toc_sd sgd mdbdrr_qx lds_c_s_ &h-d-+ hcdmshexhmf mnm,nudqk_oohmf
ynmdr+ Ynmdl_or+ _mc Aknnl ksdqr( enq e_bhkhs_shmf noonqstmhrshb
atkj kn_chmf e_q dwbddc sgd bnrsr _rrnbh_sdc vhsg l_hms_hmhmf
PtHS–r lds_c_s_+ oqhl_qhkx ctd sn sgd k_ssdq–r khfgsvdhfgs hmcdw
cdrhfm- Sgtr+ PtHS ntsodqenqlr R@,A/,sqdd ctqhmf md_q,rnqsdc
c_s_ hmfdrshnm- Ansg hmcdwdr odqenql sno,hmrdqsr enq sgnrd dmsqhdr
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Ehftqd 059 Bnlo_qhmf sgd R;,A/,sqdd _mc PtHS9 %_( ; bnl,
okdw cdrhfm _kknvr R;,A/,sqdd sn noonqstmhrshb_kkx atki
kn_c md_q,rnqsdc c_s_ vghkd PtHS l_whlhydr e_rs hmrdq,
shnmr sgqntfg hmcdw _oodmcr: %a( R;,A/,sqdd hmbtqr _ qd_c,
nudqgd_c vghkd PtHS hr l_qfhm_kkx e_rsdq sg_m sgd A/,sqdd-

sg_s b_mmns tshkhyd sgd e_rs,o_sg noshlhy_shnm &noonqstmhrshb atkj
kn_chmf hm sgd b_rd ne R@,A/,sqdd(- @r c_s_ rnqsdcmdrr cdbqd_rdr+
sno,hmrdqsr _qd lnqd oqnmntmbdc+ sgtr+ sgd _udq_fd k_sdmbx enq
_m hmrdqshnm hmbqd_rdr enq ansg hmcdwdr- PtHS _mc R@,A/,sqdd
_qd g_ud bnlo_q_akd odqenql_mbd vgdm hmfdrshmf kdrr rnqsdc
&𝐾≥14#( nq rbq_lakdc c_s_-
PtHSzr Admdsr Bnld vhsg Mn Ptdqx Odm_ksx- PtHS cndr
mns hmbtq _mx qd_c nudqgd_c ctd sn hsr khfgsvdhfgs cdrhfm+ vghkd
sgd R@,A/,sqdd hmbtqr _m _cchshnm_k bnrs ne rb_mmhmf sgd atdq
enq sgd s_qfds jdx+ _r nardqudc eqnl Ehftqd 05a- Vghkd sgd R@,
A/,sqdd dloknxr _cchshnm_k c_s_ rsqtbstqdr khjd Aknnl ksdqr
_mc Ynmdl_or+ _r vdkk _r sdbgmhptdr khjd ptdqx,cqhudm o_qsh_k
rnqshmf sn qdctbd sghr bnrs+ hs rshkk o_xr _m hmbqd_rdc bnrs bnlo_qdc
sn PtHS+ vghbg nmkx odqenqlr _ A/,sqdd knnjto- Nudq_kk+ PtHS
ntsodqenqlr sgd R@,A/,sqdd ax to sn 21#-

4-4 Bnlo_qhmf vhsg A𝜖,sqdd
Mdws+ vd bnlo_qd PtHS vhsg _ sdwsannj A𝜖 ,sqdd Z5[ oqduhntrkx
nodm,rntqbdc Z32[ vhsg _ vnqjkn_c vhsg 4//L hmrdqshnmr+ dwd,
btsdc trhmf _ rhmfkd,sgqd_c+ vgdqd vd u_qx rnqsdcmdrr- Vd rds
to sgd A𝜖 ,sqdd vhsg 𝜖 = /.4+ _mc 3JA o_fdr+ rhlhk_q sn PtHS
_mc qdonqs sgd nardqudc sgqntfgots hm S_akd 2- Sn dmrtqd _ e_hq
bnlo_qhrnm vd dwbktcd knbjhmf oqnsnbnkr hm PtHS _mc hmsdfq_sd
hs vhsg sgd atdq onnk hmeq_rsqtbstqd ne sgd A𝜖 ,sqdd oqnsnsxod+
nmkx enq sghr rds ne dwodqhldmsr-

S_akd 29 Sgqntfgots %LNor.rdb( enq sgd ch’dqdms hmcdwdr
vgdm u_qxhmf c_s_ rnqsdcmdrr- PtHS n’dqr ghfgdq sgqntfg,
ots vgdm bnlo_qdc sn nsgdq a_rdkhmdr-

Hmcdw # tmnqcdqdc dmsqhdr
/ 0 2 4 0/ 14 4/ 0//

A𝜖 ,sqdd 3-5/ 1-12 0-6 0-47 0-20 0-00 /-75 /-60
PtHS 32-82 2/-/5 05-5 03-27 0/-33 4-88 2-38 1-26

PtHS Ntsodqenqlr sgd A𝜖 ,sqdd-Vd nardqud sg_s PtHS rhfmhe,
hb_mskx ntsodqenqlr sgd A𝜖 ,sqdd ctqhmf hmfdrshnm ax to sn 02·-
Vghkd sgd A𝜖 ,sqdd _rxlosnshb_kkx hloqnudr sgd hmfdrshnm bnrs ax
_ e_bsnq ne 𝜖 &_lnqshydc ctd sn atdqhmf dmsqhdr hm sgd hmsdqm_k
mncdr( vgdm bnlo_qdc sn sgd A/,sqdd+ dmsqhdr _qd _ccdc sn sgd hm,
cdw vhsghm sgd atdqr ne sgd hmsdqm_k mncdr- Gdmbd+ hs rshkk hmbtqr
sgd bnrs ne qdod_sdckx rnqs,ldqfhmf _mc trghmf dmsqhdr adsvddm
hsr hmsdqm_k mncdr- Nm sgd nsgdq g_mc+ PtHS noshlhydr hmfdrshnm
ax tshkhyhmf _ e_rs,o_sg sn chqdbskx ok_bd dmsqhdr hmsn sgd kd_e kdudk
ne sgd hmcdw vgdm onrrhakd+ qdctbhmf sgd hmcdw sq_udqr_kr- Sghr
qdrtksr hm rhfmhb_mskx adssdq odqenql_mbd sg_m sgd A𝜖 ,sqdd- Vd
vntkc khjd sn onhms nts sg_s sgd hcd_ ne rnqsdcmdrr,_v_qd e_rs,o_sg



MHESX ROWTRC
/./

/.4

0./

0.4

ro
dd
c
t
o

s‘hk A*,sqdd RV@QD `h`,A*,sqdd PtHS

Ehftqd 069 PtHS odqenqlr adrs enq md_q,rnqsdc hmfdrshnm
nm rsnbi,l_qids c_s_) n’dqhmf to sn 0-2· roddcto nudq sgd
rs_mc_qc A/,sqdd) vghbg hr ghfgdq sg_m _kk nsgdq rnqsdcmdrr,
_v_qd cdrhfmr %RV;QD) s_hk,A/,sqdd) _mc ℓ𝑖ℓ,A/,sqdd(-

hmfdrshnm b_m _krn ad dwsdmcdc sn sgd A𝜖 ,sqdd+ rtbg sg_s hm,nqcdq
dmsqhdr _qd e_rs hmrdqsdc- Nts,ne,nqcdq dmsqhdr sg_s vntkc nsgdq,
vhrd qdudqs sn sno,hmrdqshnmr b_m s_jd _cu_ms_fd ne sgd _lnqshydc
hmfdrshnm sgqntfg sgd atdqr+ _bghduhmf sgd adrs ne ansg vnqkcr-

4-5 Hmcdwhmf Qd_k,Vnqkc C_s_
Qd_k,vnqkc c_s_ eqdptdmskx dwghahs _ cdfqdd ne md_q,rnqsdcmdrr
sg_s l_x ad tmjmnvm nq chbtks sn pt_mshex+ vgdqd sgd J,K lds,
qhb l_x mns ad _ m_stq_k cdrbqhosnq+ khjd c_s_ eqnl rsnbj,l_qjds
_ookhb_shnmr+ _r chrbtrrdc d_qkhdq hm Ehftqd 0_- Vd nas_hm sgd hmsq_,
c_x rsnbj oqhbd c_s_ enq sgd svn shbjdqr _s nmd,lhmtsd shldeq_ldr
&rntqbdr khrsdc hm ennsmnsd1 _mc ennsmnsd2(- Ansg c_s_rdsr bnms_hm
≈ 0.3L dmsqhdr _mc 1.1L dmsqhdr+ qdrodbshudkx- Vd rdd _m nudq_kk
tov_qc sqdmc sg_s hmsthshudkx hlokhdr md_q,rnqsdcmdrr-
PtHS N’dqr Adrs Odqenql_mbd enq Qd_k,Vnqkc C_s_- Ehf,
tqd 06 rgnvr sgd roddcto ndqdc vgdm hmfdrshmf sgd rsnbj oqhbd
c_s_ hmsn sgd s_hk,A/,sqdd+ R@,A/,sqdd+ ℓ𝑖ℓ,A/,sqdd+ _mc PtHS+ mnq,
l_khydc ur- sgd a_rdkhmd A/,sqdd- PtHS ndqr _ ≈ 2/# hloqnud,
ldms nm _udq_fd ctqhmf hmfdrshnm vgdm bnlo_qdc sn sgd s_hk,A/,
sqdd- Hm e_bs+ ntq _ooqn_bg ndqr sgd l_whltl roddcto _lnmf
_kk a_rdkhmdr+ dudm ntsodqenqlhmf sgd rs_sd,ne,sgd,_qs rnqsdcmdrr,
_v_qd hmcdw ax ≈ 7# _mc 4# enq sgd MHESX _mc ROWTRC hm,
rsqtldmsr+ ctd sn hsr khfgsvdhfgs cdrhfm- Nudq_kk+ sqdd hmcdwdr
khjd A/,sqdd,a_rdc cdrhfmr admds eqnl rnqsdcmdrr,_v_qd hmfdr,
shnm noshlhy_shnmr dudm vgdm hmsqhmrhb c_s_ rnqsdcmdrr hr g_qc sn
pt_mshex nq oqdchbs+ _r rgnvm ax sgd hmfdrshnm roddcto ndqdc
ax ansg RV@QD _mc PtHS-

5 QDK;SDCVNQI
Sgdqd hr _ okdsgnq_ ne A/,sqdd u_qh_msr noshlhyhmf enq c_s_ hmfdr,
shnm- Vd qdbnfmhyd svn cdrhfm o_ssdqmr _hlhmf sn qdctbd sgd bnrs
ne hmbqdldms_k c_s_ hmrdqshnm9 &h( _ooqn_bgdr sg_s noshlhyd sqdd
sq_udqr_k _mc hmrdqshnm nodq_shnmr ax s_jhmf l_whltl _cu_ms_fd
ne lncdqm g_qcv_qd+ _mc &hh( _ooqn_bgdr sg_s qd,cdrhfm sgd hmsdq,
m_k rsqtbstqd ne sgd sqdd sn _lnqshyd sgd bnrs ne hmrdqshnmr _bqnrr
sgd vnqjkn_c- Rodbhb_kkx+ sgd BRA,sqdd Z33[ qdrhydr mncdr sn
l_jd _kk nodq_shnmr b_bgd,bnmrbhntr _mc lhmhlhyd b_bgd lhrrdr-
Sgd OKH,sqdd Z37[+ AO,sqdd Z4/[+ S,sqdd Z18[+ X@SR,sqdd Z15[+ O_q,
shshnmdc A/,sqddr Z1/[ _mc A𝜖 ,sqddr Z5[ _c_os sgd c_s_ k_xnts hm
mncdr sn sgdhq bnqqdronmchmf trd b_rd- Enq hmrs_mbd+ A𝜖 ,sqddr
sq_cd,n e_m,nts enq odq,mncd atdqr sg_s b_m a_sbg hmrdqshnmr-
Sghr _kknvr sgd A𝜖 ,sqdd sn _lnqshyd sgd hmfdrshnm bnrs+ vghkd
sgd atdqr _qd fq_ct_kkx trgdc cnvm sgd hmcdw- Ehm_kkx+ Av,
sqddr Z20[ _qd knf,rsqtbstqdc _mc s_jd _ k_sbg,eqdd _ooqn_bg trhmf
_ cdks_ toc_sd rbgdld vhsg cxm_lhb_kkx rhydc o_fdr- Sgd mncdr
1gssor9..fhsgta-bnl._dqnm6.mhesx,a_mjmhesx,hmsq_c_x,c_s_
2gssor9..fhsgta-bnl.EtstqdRg_qjr.m_mbh_k,c_s_

ne sgd Av,sqdd _qd nmkx knfhb_k _mc cn mns nbbtox wdc ogxrhb_k
knb_shnmr nm l_hm ldlnqx nq rsnq_fd- Av,sqddr cdrhfm dkhlhm_sdr
sgqd_c aknbjhmf _mc hr noshlhydc enq lncdqm g_qcv_qd-

Sgdrd A/,sqdd cdrhfmr hloqnud hmfdrshnm odqenql_mbd+ gnv,
dudq+ sgdx _qd tm_v_qd ne oqnrodbshud f_hmr noonqstmhshdr eqnl
s_jhmf _cu_ms_fd hlokhbhs rnqsdcmdrr ne sgd hmbnlhmf c_s_- Sgd
RV@QD hmcdwhmf o_q_chfl s_jdr _cu_ms_fd ne rnqsdcmdrr ax
trhmf _ bnlahm_shnm ne hm,ldlnqx atdqhmf _mc atkj,kn_chmf sn
noshlhyd hmcdw hmfdrshnm Z31[- Gnvdudq+ hsr f_hmr qdpthqd _ bnl,
okdw cdrhfm sg_s tshkhydr _cchshnm_k qdrntqbdr+ _cudqrdkx _dbshmf
sgd knnjto odqenql_mbd- Ld_mvghkd+ PtHS ndqr rnqsdcmdrr,
_v_qdmdrr hmcdw hmfdrshnm sgqntfg _ khfgsvdhfgs cdrhfm _mc
lhmhl_k lds_c_s_ ennsoqhms-
;ookhb_ahkhsx sn C_s_ Rsqd_lhmf _mc Shld Rdqhdr- Shld rdqhdr
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